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1. Introduction

Let C be a closed convex subset of a Hilbert space #¢ and P¢ be the metric projection from # onto C. AmappingQ : C — C
is said to be a strict pseudocontraction if there exists a constant 0 < ¥ < 1 such that:

I0x — QvII* < lIx = yI> + x| = Qx — (I = Qyl%, (1)

for all x, y € C. A mapping Q for which (1) holds is also called a k-strict pseudocontraction. As pointed out in [1], iterative
methods for finding a common element of the set of fixed points of strict pseudocontractions are far less developed than
iterative methods for nonexpansive mappings (¢« = 0). Our main goal in this paper is to show that two specific algorithms
studied in [1] and [2] can be linked to a general class of algorithms, called 7 -class algorithms, and previously studied in [3].
For that purpose we slightly extend the 7 -class definition. Thus, we do not provide new algorithms and new convergence
theorems, but extend the scope of algorithms covered by the 7 -class framework. Section 2 is devoted to the case 0 < x < 1
and considers Algorithm 1 studied in [1] rephrased as a 7 -class algorithm. Section 3 is devoted to the case x = 1 for which
the previous algorithm cannot be used. A mapping A for which (1) holds with x = 1 is called pseudocontractive. We will see
that pseudocontractive mappings are related to monotone Lipschitz continuous mappings. A mapping A : C +— J¢ is called
monotone if

(Au— Av,u—v) >0 forall (u,v) € C2.
A s called k-Lipschitz continuous if there exists a positive real number k such that
lAu — Av|| < k|lu —v| forall (u, v) € C%.
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Let the mapping A : C — J¢ be monotone and Lipschitz continuous. The variational inequality problem is to findau € C
such that

(Au,v—u) >0 forallv e C.

The set of solutions of the variational inequality problem is denoted by VI(C, A).

Assume that a mapping Q : C + C is pseudocontractive and k-Lipschitz continuous. Then, the mapping A = I — Q is
monotone and (k + 1)-Lipschitz continuous and moreover Fix(Q) = VI(C, A) [2, Theorem 4.5], where Fix(Q) is the set of
fixed points of Q. That is

Fix(Q) & (x e € : Qqx=x}. (2)

Thus, to cover the case k = 1, we investigate algorithms which aim at computing Py )X for a monotone and k-Lipschitz
continuous mapping A. We will, in Section 3, mainly use results from [2] to prove that the general algorithm used in [2] can
be rephrased in a slightly extended 7 -class algorithm framework.

2. T -class iterative algorithm for a sequence of «-strict pseudocontractions

Let (Qn)n>0 be a sequence of «-strict pseudocontractions for ¥ € [0, 1) and («p)n>0 a sequence of real numbers chosen
so that o, € (k, 1). We consider, as in [1], the following algorithm:

Algorithm 1. Given xy € C, we consider the sequence (x,),>0 generated by the following algorithm:

Yn = anXp + (1 — o) QuXy,
def
G ={zeCllyn—2zI” < lIxa —2zI* = (1 — o) (tn — £)l|x0 — Quxall*} .

Dy & {zeC| (x0—2,% —xa) > 0},

Xn+1 = P(c,npy)Xo-

We will show that this algorithm belongs to the 7 -class algorithms as defined in [3] and deduce its strong convergence

to Prxo when F # () and where F def Nps>0 Fix(Qyp).
For (x,y) € #2, define the mapping H as follows:

Hoxy) Elzest] z—y,x—y) <0) (3)

and denote by Q (x, y, z) the projection of x onto H(x, y) N H(y, z). Note that H(x, x) = J¢ and for x # y, H(x, y) is a closed
affine half space onto which y is the projection of x.

Lemma 2. The sequence generated by Algorithm 1 coincides with the sequence given by x,+1 = Q (xo, Xn, TnXxn) with:

Th(x) =

2 +2

X+ Rpx 1 -
e (f Zn)(X—Rnx), and Ry & ax + (1 - 0)Q(®). )
- n
Moreover, we have:

2T, — I = kI + (1 — k)Qnx. (5)

Proof. Letx € [0, 1), € (x, 1),y def ax + (1 — a)Qx for «-strict pseudocontraction Q and define I"(x, y) as follows:

rey) Elze#ly —zIP < lIx—zI> = (1 — o) — k) llx — Qx|1*} . (6)
We first prove that I"(x, y) = H(x, Tx) where T is defined by Eq. (4).
ly =zl = lIx = z[|> < =(1 — a)( — ) [|Ix — Qx||
S y—zy-2)—lx—z|> < -1 —a)(@—x)|x— x|?
Sy-—xy—2)+x—zy—2z)—lx—z|> < —(1 —a)(@ — ) [x — |
Sy—xy—2)+x—zy—x < —(1—a)a—r)lx— Q|
SY—xy—2)+x—z,y—x < (@—K){y—xx— Q)
S Y—Xy+x—2z24+ kK —a)x—Q)) <0

K—O
<:><y—x,y+x—22+<]_a> (x—y)>§0
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