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Multi-point boundary value problem with the 2(n — m)-point boundary conditions

Iterative solution @ @i 3

Lower and upper solutions u?0) =u?(1)=0, j=0,1,2,....mm=n—2,

u®(0) —au® ") = 0.
u® 1) - bu@E?) =0, j=m+1,....n-1,

whereg; > 0,b; > 0,0 < 5,-(1) < éj(z) < 1,j=m+1,...,n— 1 The existence of
iterative solutions is obtained by using the lower and upper solution method for the above
2(n — m)-point boundary value problems.
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1. Introduction

In this paper, we are interested in the following 2nth-order multi-point boundary value problems

(=D "u® () = f(t, u®t), —u" @), ..., (=Du®@), ..., (D" u®2wt), 0<t<1, (1.1)
with the 2(n — m)-point boundary conditions
@0y =u®1) =0, j=0,1,2,....,m, m<n-—2,
u@(0) — aju(Zj) (";:j(])) =0, (1.2)
u@1) —bu@E?) =0, j=m+1,....n—1,
where n > 1is an integer and f, g;, b; satisfy the following hypotheses:
(H) 1>¢>0,1>b;>0andp; =a&"(1—b)+ (1 —a)(1—bE?) >0 j=m+1,....n—1, m<n—2;
(Hy) f € C([0, 1] x R", R), where R = (—o0, +00).
In the case of n = 1 and n = 2, the existence and multiplicity of solutions for the boundary value problems have
been widely studied in [ 1-8] and references therein. Most of these results are based upon the Leray-Schauder continuation

method, topological degree, the fixed point theorem on a cone, or the lower and upper solution method. Especially, in
paper [6], the authors developed the monotone method for the following fourth-order boundary value problem
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U@ =fxu,u"(x), xe (0,1,
u(0) = u(1) =u”(0) =u"(1) =0.
Since then, some works have been done by using this method, see [4,6,15]. When n is an arbitrary natural number, boundary

value problems have attracted considerable attention [9-13]. In paper [12], the authors considered the singular two-point
boundary value problems of 2nth-order ordinary differential equations

(=D (6) = f(t, x(0), =X"(©), ..., (=D (@©), ..., (=D X2 (1)), 0<t<1,

xX®0)=x*1)=0, i=0,1,2,...,n—2,

ax®?(0) — bx*"P(0) =0,  «x®P(1)+dx*"V(1) =0,
where n > 1. They gave a necessary and sufficient condition for the existence of C2*~2[0, 1] as well as CZ"~1[0, 1] positive
solutions.

To the best of our knowledge, there are few works that refer to iterative solutions for 2nth-order multi-point differential
equation boundary value problems. Therefore, motivated by [4,6,15], in this paper, we show the existence of iterative
solutions for the problem (1.1)-(1.2) between a lower solution and an upper solution.

The remainder of the paper is organized as follows. In Section 2, we shall present some lemmas in order to prove our
main results. Section 3 presents and proves our main results. In Section 4, we present an example to illustrate our results.

2. Preliminaries and lemmas

In order to prove our main results, we need the following lemmas and definitions.
Lemma 2.1 ([1]).If p = a&(1 —b) + (1 — a)(1 — bn) # 0, h(t) € C[0, 1] and h(t) > O, then the boundary value problem
u”(t) + h(t) =0,

u0) —au(¢) =A,  u(l) —bu(n) =B (2.1)
has a unique solution
_ A 1
u(t) = A — bAn + aB& n Ab+B—A aBt +/’ G(t. $)h(s)ds.
P P 0
and u(t) > 0, where
%[(1 —bn) + (b — D], s<t
se0,£]: 1 _
L= by + (b — 15 4 LTIEIDEZD
l[(1 —bn) + (b— Dt](a& —as+s), s=<t;
Gt,s) = {sel&.n: {4 (2.2)

;[(1 —bn)+ (b—Dsl(a§ —at+1t), t=s;

1—s

—[t—at+a]+(s—t), s<t;

seln1l:4 12

—[a& —at +t], t <s.
P

Lemma 2.2. Under the assumptions of (H;) and (H,), if u(t) € C?"[0, 1], satisfies

-1Yu®©0) >0, (—1Yu®@) =0 j=0,1,2,....m,m<n-—2,
(=1 (©0) — aqu® ™)1 = 0,

Y@@ —bu®?E?) =0, j=m+1,...,n—1,

(=D"u®(t) >0, te(0,1).

Then (=1)u®(t) > 0,fort €[0,1], j=0,1,2,...,n— 1.

Proof. Let
~1Yu®©0) =xY, (—1u®@ 1) =+, j=0,1,2,....mm<n-2,
(—1) [uaj) 0) — qju® (éj“))] =0,
—1y [u<2f>(1) _ bju@ﬁ(s;z))] =0, j=m+1,...n—1,

(=D™u@(t) = h(t), te(0,1),
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