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1. Introduction

The following is a Cauchy problem of an m-coupled nonlinear Schrödinger equation:
i∂tΦ1 +∆Φ1 + g1

(
|x|, |Φ1|2, . . . , |Φm|2

)
Φ1 = 0,

...

i∂tΦm +∆Φm + gm
(
|x|, |Φ1|2, . . . , |Φm|2

)
Φm = 0,

Φi(0, x) = Φ0i (x) for 1 ≤ i ≤ m.

(1.1)

For 1 ≤ i ≤ m : Φ0i : RN → C and gi : R∗
+
× Rm

+
→ R, Φi : R+ × RN → C, has numerous applications in physical

problems. It appears in the study of spatial solitons in nonlinearwaveguides [1], the theory of Bose–Einstein condensates [2],
interactions of m-wavepackets [3], optical pulse propagation in birefringent fibers [4,5], wavelength division multiplexed
optical systems. Physically, the solutionΦi is the ith component of the beam in a Kerr-like photorefractive media [6]. In the
most relevant cases, it is possible to write (1.1) in a vectorial form as follows:{

i
∂Φ

∂t
= E ′(Φ)

Φ(0, x) = Φ0 = (Φ01 , . . . ,Φ
0
m)

(1.2)

where

E(Φ) =
1
2
‖∇Φ‖22 −

∫
G (|x|,Φ1, . . . ,Φm) dx. (1.3)
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G : (0,∞)× Rm → R satisfies the following system:
∂G
∂u1
= g1

(
|x|, u21, . . . , u

2
m

)
u1,

...
∂G
∂um
= gm

(
|x|, u21, . . . , u

2
m

)
um.

(1.4)

Whenm = 1, G can be easily given by the explicit expression: G(r, s) = 1
2

∫ s2
0 g(r, t) dt .

In the general case:

G(r, u1, . . . , um) =
1
2

∫ u21

0
g1(r, t, u22, . . . , u

2
m) dt + K1(u2, . . . , um)

=
1
2

∫ u2i

0
gi(r, u21, . . . , ti, . . . , u

2
m) dti + Ki(u1, . . . , ui−1, ui+1, . . . , um)

= . . .

=
1
2

∫ u2m

0
gm(r, u21, . . . , t) dt + Km(u1, . . . , um−1). (1.5)

A soliton or standing wave of (1.1) is a solution of the form: Φ(t, x) = (Φ1(t, x), . . . ,Φm(t, x)), where for 1 ≤ j ≤
m : Φj(t, x) = uj(x)e−iλjt , λj are real numbers. Therefore U = (u1, . . . , um) is a solution of the following m × m elliptic
eigenvalue problem:

∆u1 + λ1u1 + g1
(
|x|, u21, . . . , u

2
m

)
u1 = 0,

...

∆um + λmum + gm
(
|x|, u21, . . . , u

2
m

)
um = 0.

(1.6)

Among all the standingwaves, let usmention the ground stateswhich correspond to the least energy solutionsU of (1.6),
defined by:

E(U) =
1
2

m∑
i=1

|∇ui|22 −
∫

RN
G (|x|, u1(x), . . . , um(x)) dx (1.7)

under constraints

Sc =
{
U = (u1, . . . , um) ∈ H1(RN)× · · ·H1(RN) :

∫
RN
u2i = ci

}
(1.8)

where ci > 0 arem prescribed numbers.
Ground states are solutions of the minimization problem:

For given ci > 0, Mc = inf
U∈Sc

E(U). (1.9)

Profiles of stable electromagnetic waves traveling along a medium are given by (1.9). Note that in (1.7), |x| is the position
relative to the optical axis, G is related to the index of refraction of the medium. In the most relevant cases, G has jumps at
interfaces between layers of different media (core and claddings). Therefore, G is not continuous with respect to the first
variable in many practical cases.
The existence of ground states has been investigated by many authors following different methods. In [7–17] by

numerical arguments; in [18–23], the mathematical analysis using the variational approach has been pursued to prove
the existence of ground states. These works addressed the special casem = 2 and{

g1(|x|, u21, u
2
2) =

(
|u1|2p−2 + β|u1|p−2|u2|p

)
,

g2(|x|, u21, u
2
2) =

(
|u2|2p−2 + β|u2|p−2|u1|p

)
.

(1.10)

This is a very interesting casewherewe can easily determine G, indeed using (1.5) it is obvious that G(r, s1, s2) = 1
2pu

2p
1 +

β

p u
p
1u
p
2 + K1(u2) =

1
2pu

2p
2 +

β

p u
p
1u
p
2 + K2(u1). A straightforward computation implies: G(r, s1, s2) =

1
2p s
2p
1 +

1
2p s
2p
2 +

β

p s
p
1s
p
2.

In [18,22], not only the existence of ground states has been established, for (1.1) with gi given by (1.10), but also the
orbital stability has been discussed. Of course, we are interested in the orbital stability of ground states of (1.1) with general
nonlinearities. However, an inescapable step consists in the establishment of suitable assumptions of gi under which (1.1)
admits a unique solution. This is a very challenging open question under investigation.
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