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35805 © 2009 Elsevier Ltd. All rights reserved.

35075

35R05

Keywords:

Semilinear elliptic equations
Entire solutions

Existence

1. Introduction and the main results

The purpose of this note is to investigate the existence of entire solutions to the following model problem

—Au+h@®)|Vul! =bxg@), u>0, xR, lim u) =0, (1.1)

|x]—00
whereq € (1,2],h € c;;c(RN) for some o € (0, 1) is non-negative in £2, g satisfies

(g1) g € C'((0, 00), (0, 00));
(&2) limy_, o+ g(5)/s = 00;
(gB) lims—>oo g(S)/S =0;

and b satisfies

(b1) b e G2 (RN) and b(x) > 0, Vx € RV;
(by) the linear problem

—Au=b(kx), u>0,xeR", |Xl‘i_r>noo ux) =0 (1.2)

has a unique solution w € CZF® (RV).
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First, let us review the following model

—Au=bx)g), u=>0, xeR", lim u(x)=0. (1.3)

li
|x|— 00
Problem (1.3) arises from many branches of mathematics and applied mathematics. It was discussed and extended to
more general problems in a number of works, for instance, [ 1-13]. When the equation is considered over a bounded smooth
domain £2 instead of R¥, the corresponding problem was studied, for example, in [14-25] and the references cited therein.
For g(u) = u™" with y > 0, if b satisfies (b;) and the following condition

(b3) fooo r¢(r)dr < oo, where ¢(r) = maxjy=r b(x),

Lair and Shaker [9] showed that problem (1.3) has a unique solution u € Cﬁ,ﬁ“ (RV). Later, Lair and Shaker [10] and

Zhang [13] extended the above result to the more general g which satisfies (g1) and
(g4) g is non-increasing on (0, 0o) and lim,_, g+ g(s) = o0.
Cirstea and Ridulescu [3] also extended the above results to the more general g which satisfies (g;), (g>) and

(gs) % is decreasing on (0, oo) for some sg > 0;

(gs) g is bounded in a neighborhood of co.
Recently, Dinu [26] further generalized the above results to the cases that

(i) b satisfies (bq) and (b3);
(ii) g satisfies (g1), (g3) and

(g7) ‘? is decreasing on (0, 00);

and lim—, o0 u(x) = I > 0 instead of lim . u(x) = 0 in problem (1.3); or the following cases that

(i1) b satisfies (b;) and

(ba) [;° TN"'¢(r)dr < oo, where N > 3;
(iip) g satisfies (g1)-(g3) and

(gg) g isincreasing on (0, 00).

Afterwards, Goncalves and Santos [8] also generalized the above results to the case that g satisfies (g;)-(g3) and (g7). Ye
and Zhou [12, Theorem 4.2] showed that if g satisfies (g1) and is non-increasing on (0, c0), b satisfies (b ), then problem
(1.3) admits a solution if and only if b satisfies (b,). Moreover, if a solution of problem (1.3) exists, it is unique.

Now let us return to problem (1.1).

Wheng(u) =u"” withy > 0,qe€ (1,2],h € Cl‘;c(]RN) is non-negative in RV, b satisfies (b;) and (b3), Dinu [26] showed
that problem (1.1) has a unique solution u € Cl%zr“ (RM). Recently, the author [27] showed that wheng € (0, 1), h € Ciae (RN)
for some o € (0, 1), h(x) < 0, ¥V x € RN, g satisfies (g;)-(g3), and b satisfies (b3) instead of (b,), problem (1.1) have at least
one solution.

In this paper we continue to consider the existence of entire solutions to problem (1.1) for the functions g(s) and g(s)/s
which do not have monotonicity.

Our main result is summarized in the following theorem.

Theorem 1.1. Let ¢ € (1,2], h € Cl‘j‘)c(RN) be non-negative in RN, and b satisfy (b1) and (b,). If g satisfies (g1)-(g3), then

problem (1.1) has at least one solution u € Cf;g“ (RM).

Remark 1.1 ([27]). The condition (b3) implies (b,), but (b,) is invariant under translations.

Remark 1.2. Some basic examples of the functions, which satisfy (g;)-(g3), are

(i) u™” + P +sinf(u) + 1,wherey > 0,p < 1and f € C>(R);
(ii) e 4+ uP + cosf(u) + 1, wherey > 0,p < 1andf € C2(R);

(iii) u™7 In" 9 (1 4+ u) + In” (1 4 u) + vP + sinf(u) + 2 withf € C?(R),y > 0,p < 1,q, > 0and q; > O;
(iv) u™” + arctanf(u) + w withf € C>(R) and y > 0.

Remark 1.3. The technique of this paper in our proofs can be applied to the more general problem

—Au+ h)|Vu|? = bx)g W) + ax)f(w), u=>0,xeRY, lim u(x) =0,

|x|— 00
whereq € (1,2],h € (. (RM) is non-negative in RN, a and b satisfy (b;) and (b,), g and f satisfy (g;), g +f satisfies (g,)-(g3).

The paper is organized as follows. In Section 2 we give some preliminary considerations. Finally we show the existence
of solutions to problem (1.1).
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