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1. Introduction

In 1981, Dale Alspach modified the baker’s transform (or baker’s transformation) from ergodic theory, to produce an
example of a nonexpansive mapping on a weakly compact, convex subset of L'[0, 1] that is fixed point free [1]. There are
several examples of non-expansive mappings on weakly compact, convex sets that are fixed point free [2-4]. Interestingly,
each of these mappings involves or resembles Alspach’s example. So, Alspach’s example remains the typical example of such
a pair consisting of a mapping and a set.

Let (X, || - ||) be a Banach space and B C X. Recall that U : B — B s said to be nonexpansive if

UG —UWI < lix—yl, forallx,y €B.

We assume that B is nonempty, bounded, closed and convex. A set D C B is said to be U-invariant if U(D) € D. Nonempty,
closed, convex, U-invariant subsets of B are of interest. In particular, a nonempty, closed, convex, U-invariant set D C B is
said to be minimal invariant if whenever A C D is nonempty, closed, convex and U-invariant, it follows that A = D. Minimal
invariant sets are in this sense the smallest U-invariant subsets of B. Clearly, the singleton containing any fixed point of U is
minimal invariant. In this way, minimal invariant sets generalize the concept of fixed points. For more on minimal invariant
sets of nonexpansive mappings we refer the reader to [5,6].

For any nonexpansive fixed point free mapping on a weakly compact, convex set, there exist a minimal invariant subset
of positive diameter, by an application of Zorn’s lemma [7]. These minimal invariant sets have not previously been explicitly
characterized for Alspach’s example or any other such mapping [6,5,8]. We will describe all minimal invariant sets of
Alspach’s mapping, T. The general idea will be to find a formula for T". Next, we will show that (T"f),cy converges weakly
for all f € C.Then, we will use [6] to provide a description of all the minimal invariant sets of T.
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We note that the results in this paper, except for Section 4, form part of the first author’s Ph.D. Thesis [9].
2. Preliminaries

We will denote by N the set of all positive integers and by Z the set of all integers. As usual, R is the set of all real numbers.
We begin with some definitions. For alln € N, foralli € A, := {0, ..., 2" — 1}, define E n) := [ 57, 57 ). Also, let
C:=1{fel'l0,1]:0<f(x) <1,¥x €0, 1]}

and
n
s:={sell'l0,1]:s= Zaixg(i'n) whereag; € Randn € N¢ .
i=1

Next, foralle, B € R, A B := min{e, B} and @ vV B := max{«, B}. Fixa,b € Rwitha < b and fix ¢ € R. Then we have
the modular property:

(@avc)Ab=avV (c ADb).

Define cuty(a, b, ¢) := (aV c) A b. Note that cuty(a, b, ¢) = a,if c < a; cutg(a, b, c) = c,ifa < c < b;and cuty(a, b, c) = b,
if c > b. We further define

cut(a, b, ¢) :=cutg(a,b,c) —a=((avc)Ab)—a=(@aVv (cAb)) —a.
The following lemma contains a few properties of the cut function that we will use later.
Lemma 2.1. Fixa, b € Rwitha < band fixc € R.

(1) Fix arbitrary real-valued, Lebesgue-measurable functions f and g on [0, 1]. Let E := supp(f) and F := supp(g) and suppose
that E N F has Lebesgue measure zero. Then, for all x € [0, 1],

cut(a, b, f(x) + g(x)) = cut(a, b, f (x)) xe (%) + cut(a, b, g(x)) xr (X).
(2) Forallt > 0,
cut(ta, tb, tc) = t cut(a, b, c).
(3) Forallp,g e Rwith0 <p<q<b—aq,
cut(p, q, cut(a, b, c)) = cut(a+p,a+q,c).
Proof. Properties (1) and (2) are easy to check. Let us see why (3) holds.
Fixp,q e Rwith0 <p <q <b — a.Then
cut(p, q, cut(a, b,c)) = (p v cut(a,b,c)) Aq—p
=@Viav(cab)—a)Arq—p
=((+aVviavcAbl-—arg—p
=((+aviavicAbDA@+a)—a—-p
=({a+p vavcAb)A(@+q) — (a+p).
Recall that p > 0, and so a + p > a. Therefore,
cut(p, g, cut(a, b, c)) = ((a+p) vV (c Ab) A(a+q) — (a+p).
Butp < b—a <= a+ p < b. By the modular property, and the fact thata + q < b,
cut(p, g, cut(a, b, ¢)) = (((a+p) V) Ab)yA(a+q) — (a+p)
=(@+pvonrbaa+q —(@+p
=(@+pvon(a+qg —(a+p)
=cut(a+p,a+q,c). O

Throughout this paper, we will extend real-valued, measurable functions f on [0, 1] to R by defining f(x) := 0 for
x € R\ [0, 1]. We define the mapping T : C — C in the following way. For all f € C, for each x € [0, 1],

(TH(x) == cut (0, 1, 2f (2x)) Xk, (*¥) + cut (1,2, 2f (2x — 1)) xg; ;) (%)
= (0V2f2x)) A1=0) x10,1/2*%) + (AV2f2x — 1) A2 —1) xp172,1) (%)
= 2f2x) A1) x0,12x%) + (2f2x =1 V1) = 1) xp12,1)(X).



Download English Version:

https://daneshyari.com/en/article/842818

Download Persian Version:

https://daneshyari.com/article/842818

Daneshyari.com


https://daneshyari.com/en/article/842818
https://daneshyari.com/article/842818
https://daneshyari.com/

