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a b s t r a c t

We study the bifurcation curves of positive solutions of the boundary value problem{
u′′(x)+ fε(u(x)) = 0, −1 < x < 1,
u(−1) = u(1) = 0,

where fε(u) = g(u) − εh(u), ε ∈ R is a bifurcation parameter, and functions g, h ∈
C[0,∞)∩ C2(0,∞) satisfy five hypotheses presented herein. Assuming these hypotheses
on fixed g and h, we prove that the bifurcation curve is reverse S-shaped on the (ε, ‖u‖∞)-
plane; that is, the bifurcation curvehas exactly two turningpoints at somepoints (ε̃, ‖uε̃‖∞)
and (ε∗, ‖uε∗‖∞) such that ε̃ < ε∗ and‖uε̃‖∞ < ‖uε∗‖∞. In addition,weprove that ε∗ > 0.
Thus the exact number of positive solutions can be precisely determined by the values of ε̃
and ε∗. We give an application to the two-parameter bifurcation problem{

u′′(x)+ λ(1+ u2 − εu3) = 0, −1 < x < 1,
u(−1) = u(1) = 0,

where λ, ε are two positive bifurcation parameters. Some new results are obtained.
© 2008 Elsevier Ltd. All rights reserved.

1. Introduction

We study the bifurcation curves of positive solutions of the boundary value problem{
u′′(x)+ fε(u(x)) = 0, −1 < x < 1,
u(−1) = u(1) = 0, (1.1)

where

fε(u) = g(u)− εh(u)

and ε ∈ R is a real bifurcation parameter. We first assume that functions g, h ∈ C[0,∞) ∩ C2(0,∞) satisfy hypotheses
(H1)–(H3):

(H1) g(0) > 0, h(0) = 0, g(u), h(u) > 0 for u > 0.
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(H2) limu→∞ g(u)/u = ∞. The positive function g(u)/h(u) is strictly decreasing on (0,∞),

lim
u→0+

g(u)
h(u)
= ∞ and lim

u→∞

g(u)
h(u)
= 0.

(H3) g ′′(u) > 0 and h′′(u) > 0 for u > 0. The positive function g ′′(u)/h′′(u) is strictly decreasing on (0,∞),

lim
u→0+

g ′′(u)
h′′(u)

= ∞ and lim
u→∞

g ′′(u)
h′′(u)

= 0.

Since g, h ∈ C[0,∞)∩ C2(0,∞) satisfy (H1) and (H2), for each ε > 0, there exists a unique positive number βε defined
by

g(βε)
h(βε)

= ε,

such that βε is a strictly decreasing continuous function of ε on (0,∞), limε→0+ βε = ∞ and limε→∞ βε = 0. We have, for
ε > 0,

fε(u) = g(u)− εh(u)

{
> 0 for 0 < u < βε,
= 0 for u = βε,
< 0 for u > βε,

(1.2)

and at u = βε,

f ′ε(βε) = g
′(βε)− εh′(βε) = g ′(βε)−

g(βε)
h(βε)

h′(βε) = h(βε)
(
g(βε)
h(βε)

)′
∈ (−∞, 0) (1.3)

by (H1) and (H2), and

f ′′ε (βε) = g
′′(βε)− εh′′(βε) ∈ (−∞,∞).

Similarly, since g, h ∈ C[0,∞) ∩ C2(0,∞) satisfy (H1) and (H3), for each ε > 0, there exists a unique positive number
γε < βε defined by

g ′′(γε)
h′′(γε)

= ε, (1.4)

such that γε is a strictly decreasing continuous function of ε on (0,∞), limε→0+ γε = ∞ and limε→∞ γε = 0. We have, for
ε > 0,

f ′′ε (u) = g
′′(u)− εh′′(u)

{
> 0 for 0 < u < γε,
= 0 for u = γε,
< 0 for γε < u < βε.

(1.5)

So by the above analysis, for ε > 0, fε(u) ∈ C[0, βε] ∩ C2(0, βε]. Meanwhile for ε ≤ 0, it is easy to see that fε(u) =
g(u)− εh(u) > 0 on (0,∞) and fε(u) ∈ C[0,∞) ∩ C2(0,∞), and we define βε = ∞.
In this paper, for ε ∈ R, we define

Fε(u) =
∫ u

0
fε(t)dt, G(u) =

∫ u

0
g(t)dt, H(u) =

∫ u

0
h(t)dt, (1.6)

Tε(α) =
1
√
2

∫ α

0
[Fε(α)− Fε(u)]−1/2 du for 0 < α < βε

{
<∞ if ε > 0,
= ∞ if ε ≤ 0, (1.7)

θfε (u) = 2Fε(u)− ufε(u), θg(u) = 2G(u)− ug(u), θh(u) = 2H(u)− uh(u). (1.8)

In addition to (H1)–(H3), we assume that functions g and h satisfy hypotheses (H4) and (H5):

(H4) There exists a positive number ε̄ such that

θfε (γε) = θg(γε)− εθh(γε) < 0 for 0 < ε < ε̄.

(H5) There exists a positive number η0 < βε̄ such that

Tε̄(η0) = 1, Tε̄(α) > 1 for η0 < α < βε̄,

and

θ ′fε (u) > 0 on (0,min(βε, η0)) for ε ≥ ε̄.
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