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We study the bifurcation curves of positive solutions of the boundary value problem

x4+ fux) =0, —1<x<1,
u(-=1) =u(1) =0,

where f,(u) = g(u) — eh(u), ¢ € R is a bifurcation parameter, and functions g, h €
C[0, 0o) N C?(0, oo) satisfy five hypotheses presented herein. Assuming these hypotheses
on fixed g and h, we prove that the bifurcation curve is reverse S-shaped on the (¢, ||u||o0)-
plane; that is, the bifurcation curve has exactly two turning points at some points (&, ||tz || )
and (e*, |lugx|loo) suchthaté < e*and |luz]lo < |lte* |- In addition, we prove thate* > 0.
Thus the exact number of positive solutions can be precisely determined by the values of &
and £*. We give an application to the two-parameter bifurcation problem

V@) +r+ut—eu}) =0, —1<x<1,
u(—=1) =u(1) =0,

where A, € are two positive bifurcation parameters. Some new results are obtained.
© 2008 Elsevier Ltd. All rights reserved.

1. Introduction

We study the bifurcation curves of positive solutions of the boundary value problem

{u/'(X) + fe(u(x) =0,
u(—1) =u(1) =0,

where

few) = g(u) — eh(u)

—1<x<1,

(1.1)

and & € R is a real bifurcation parameter. We first assume that functions g, h € C[0, c0) N C%(0, oo) satisfy hypotheses

(H1)-(H3):

(H1) g(0) > 0, h(0) =0, g(u), h(u) > O0foru > 0.
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(H2) limy_, g(u)/u = oo. The positive function g(u) /h(u) is strictly decreasing on (0, c0),

im £ — oo and 1im 5% =g
u—0t h(u) u—o0 h(u)
(H3) g”(u) > 0and h”(u) > 0 for u > 0. The positive function g”(u) /h” (u) is strictly decreasing on (0, c0),
g//(u) . g//(u)
im = and lim =
u—0t h"(u) u—o0 h"(u)

Since g, h € C[0, 0o) N C%(0, oo) satisfy (H1) and (H2), for each & > 0, there exists a unique positive number B, defined
by
g(Be)

h(Be)

such that 8, is a strictly decreasing continuous function of € on (0, 00), lim,_, g+ 8, = oo and lim,_, », 8. = 0. We have, for
e >0,

)

>0 for0<u< 8,

fe) =gW) —eh(u) =0 foru= g, (1.2)
<0 foru> g,

and atu = S,,

g(Be)

/s:/s_h/s:/g_
fe(Be) = 8 (Be) — el (B:) = &'(Be) hB.)

by (H1) and (H2), and

f'(B:) =8"(Bs) — eh”(Be) € (—00, 00).

Similarly, since g, h € C[0, c0) N C2(0, co) satisfy (H1) and (H3), for each ¢ > 0, there exists a unique positive number
ye < B defined by

W (B = h(B) (iﬁﬁi) € (—00,0) (13)

g"(ve) _
W' (ye)

such that y, is a strictly decreasing continuous function of € on (0, 00), lim,_, o+ ¥, = oo and lim,_, », ¥, = 0. We have, for
e >0,

e, (1.4)

>0 forO<u<y,,

[l W) =g"(u) —eh" () {= 0 foru=y, (1.5)
<0 fory. <u< Be.

So by the above analysis, for ¢ > 0, f;(u) € C[0, B.] N C2(0, B,]. Meanwhile for ¢ < 0, it is easy to see that f,(u) =
g(u) — eh(u) > 0on (0, c0) and f, (u) € C[0, c0) N C2(0, 0o), and we define B, = oo.
In this paper, for ¢ € R, we define

Fe(u) = /ufg(t)dt, G(u) = /ug(t)dt, Hu) = /“ h(t)dt, (1.6)
0 0 0

< oo ife >0,
=00 ife <0,

T, (o) = % /Oa [Fe(@) — Fo)] *du for0 <o < B {
05, (u) = 2F. (u) — uf: (v, 0y (1) = 2G(u) — ug(u), Onh(u) = 2H(u) — uh(u). (1.8)
In addition to (H1)-(H3), we assume that functions g and h satisfy hypotheses (H4) and (H5):
(H4) There exists a positive number & such that
Or, (ve) = 65(ve) — €0h(y:) <0 for0 <e <e.
(H5) There exists a positive number ny < Bz such that
Tz(no) = 1, Te(a) > 1 forno <a < B,
and

6; (u) > 0 on (0, min(B;, 1)) fore > &.
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