
Nonlinear Analysis 71 (2009) 812–818

Contents lists available at ScienceDirect

Nonlinear Analysis

journal homepage: www.elsevier.com/locate/na

Strong convergence theorems by the hybrid method for families of
mappings in Banach spaces
Kazuhide Nakajo a,∗, Kazuya Shimoji b, Wataru Takahashi c
a Faculty of Engineering, Tamagawa University, Tamagawa-Gakuen, Machida-shi, Tokyo, 194-8610, Japan
b Department of Mathematical Sciences, Faculty of Science, University of the Ryukyus, Nishihara-cho, Okinawa, 903-0213, Japan
c Department of Mathematical and Computing Sciences, Tokyo Institute of Technology, Oh-okayama, Meguro-ku, Tokyo, 152-8552, Japan

a r t i c l e i n f o

Article history:
Received 11 August 2008
Accepted 31 October 2008

MSC:
47H05
49M05

Keywords:
Strong convergence
Hybrid method
Monotone operator
Proximal point algorithm
Convex feasibility problem

a b s t r a c t

Let C be a nonempty closed convex subset of a uniformly convex Banach space E whose
norm is Gâteaux differentiable and let {Tn} be a family of mappings of C into itself such
that the set of all common fixed points of {Tn} is nonempty. We consider a sequence
{xn} generated by the hybrid method in mathematical programming. And we give the
conditions of {Tn} under which {xn} converges strongly to a common fixed point of {Tn}
and generalize the results of [K. Nakajo, K. Shimoji, W. Takahashi, Strong convergence
theorems by the hybrid method for families of nonexpansive mappings in Hilbert spaces,
Taiwanese J. Math. 10 (2006) 339–360; S. Ohsawa, W. Takahashi, Strong convergence
theorems for resolvents of maximal monotone operators in Banach spaces, Arch. Math. 81
(2003) 439–445].

© 2008 Elsevier Ltd. All rights reserved.

1. Introduction

Throughout this paper, let N and R be the set of all positive integers and the set of all real numbers, respectively.
Haugazeau [6] introduced a sequence {xn} generated by the hybrid method, that is, let {Tn} be a family of mappings of a
real Hilbert space H into itself with ∩∞n=0 F(Tn) 6= ∅, where F(Tn) is the set of all fixed points of Tn and let {xn} be a sequence
generated by

x0 = x ∈ H,
yn = Tnxn,
Cn = {z ∈ H : (xn − yn, yn − z) ≥ 0},
Qn = {z ∈ H : (xn − z, x− xn) ≥ 0},
xn+1 = PCn∩Qn(x)

(1)

for each n ∈ N ∪ {0}, where (·, ·) is an inner product and PCn∩Qn is the metric projection onto Cn ∩ Qn. He proved a strong
convergence theorem when Tn = Pn( mod m)+1 for every n ∈ N ∪ {0}, where Pi is the metric projection onto a nonempty
closed convex subset Ci of H for each i = 1, 2, . . . ,m and ∩mi=1 Ci 6= ∅. Later, Solodov and Svaiter [17], Bauschke and
Combettes [3] and Nakajo and Takahashi [10] studied the hybrid method in a Hilbert space (see also [1,7–9,11,12]) and
authors [13] obtained the following unified result for the hybridmethod: Let C be a nonempty closed convex subset of a real
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Hilbert space H and let {Tn} be a family of mappings of C into itself with F := ∩∞n=0 F(Tn) 6= ∅which satisfies the following
condition: There exists {an} ⊂ (−1,∞) such that

‖Tnx− z‖2 ≤ ‖x− z‖2 − an‖(I − Tn)x‖2

for every n ∈ N ∪ {0}, x ∈ C and z ∈ F(Tn). Let {xn} be a sequence generated by
x0 = x ∈ C,
yn = TnPC (xn + εn),
Cn = {z ∈ C : ‖yn − z‖2 ≤ ‖xn + εn − z‖2 − an‖PC (xn + εn)− yn‖2},
Qn = {z ∈ C : (xn − z, x− xn) ≥ 0},
xn+1 = PCn∩Qn(x)

(2)

for each n ∈ N ∪ {0}, where {εn} ⊂ H and lim infn→∞ an > −1. Then, the following hold:

(i) A sequence {xn} generated by (2) is well defined and {xn} ⊂ C;
(ii) Assume that

∑
∞

n=0 ‖εn‖
2 < ∞ and for every bounded sequence {zn} in C ,

∑
∞

n=0 ‖zn+1 − zn‖
2 < ∞ and

∑
∞

n=0 ‖zn −
Tnzn‖2 <∞ imply ωw(zn) ⊂ F , where ωw(zn) is the set of all weak cluster points of {zn}. Then, {xn} converges strongly
to z0 = PF (x);

(iii) Assume that limn→∞ ‖εn‖ = 0 and for every bounded sequence {zn} in C , limn→∞ ‖zn−Tnzn‖ = 0 impliesωw(zn) ⊂ F .
Then, {xn} converges strongly to z0 = PF (x).

On the other hand, Ohsawa and Takahashi [14] first studied the hybrid method by the metric projection in a real Banach
space and extended the result [17] for maximal monotone operators to a uniformly convex Banach space whose norm is
Gâteaux differentiable.
Motivated by the result of [14], in this paper, we consider the generalization of [13] to a Banach space and prove strong
convergence theorems. And using the results, we consider the convex feasibility problem.

2. Preliminaries and lemmas

Throughout this paper, let E be a real Banach space with norm ‖ · ‖ and let E∗ denote the dual space of E. The value of
x∗ ∈ E∗ at a point x ∈ E is denoted by 〈x, x∗〉. We write xn ⇀ x to indicate that a sequence {xn} converges weakly to x.
Similarly, xn → xwill symbolize strong convergence. We define the modulus of convexity of E δE as follows: δE is a function
of [0, 2] into [0, 1] such that δE(ε) = inf{1 − ‖x + y‖/2 : ‖x‖ ≤ 1, ‖y‖ ≤ 1, ‖x − y‖ ≥ ε} for every ε ∈ [0, 2]. E is called
uniformly convex if δE(ε) > 0 for each ε > 0. It is known that if E is uniformly convex, then xn ⇀ x and ‖xn‖ → ‖x‖ imply
xn → x. Let G = {g : [0,∞) −→ [0,∞) : g(0) = 0, g : continuous, strictly increasing, convex}. We have the following
theorem [20, Theorem 2] for a uniformly convex Banach space.

Lemma 2.1. E is a uniformly convex Banach space if and only if for every bounded subset B of E, there exists gB ∈ G such that

‖λx+ (1− λ)y‖2 ≤ λ‖x‖2 + (1− λ)‖y‖2 − λ(1− λ)gB(‖x− y‖)

for all x, y ∈ B and 0 ≤ λ ≤ 1

Remark 2.2. By Lemma 2.1, we know that E is uniformly convex if and only if there exists G0 ⊂ G such that for every
bounded subset B of E, there exists gB ∈ G0 such that

‖λx+ (1− λ)y‖2 ≤ λ‖x‖2 + (1− λ)‖y‖2 − λ(1− λ)gB(‖x− y‖)

for each x, y ∈ B and λ ∈ [0, 1]. In a real Hilbert space H ,

‖λx+ (1− λ)y‖2 = λ‖x‖2 + (1− λ)‖y‖2 − λ(1− λ)‖x− y‖2

holds for each x, y ∈ H and λ ∈ R, so we can choose G0 = {g(t) = t2}

The norm of E is said to be Gâteaux differentiable if the limit

lim
t→0

‖x+ ty‖ − ‖x‖
t

exists for every x, y ∈ S(E), where S(E) = {x ∈ E : ‖x‖ = 1}. Let J be the duality mapping from E into E∗ defined by
J(x) = {x∗ ∈ E∗ : 〈x, x∗〉 = ‖x‖2 = ‖x∗‖2} for each x ∈ E. It is known that the duality mapping J is single valued and
‖x‖2 − ‖y‖2 ≥ 2〈x− y, J(y)〉 holds for every x, y ∈ E if E has a Gâteaux differentiable norm.
Let C be a nonempty closed convex subset of a uniformly convex Banach space E and let x ∈ E. Then, there exists a unique

element x0 ∈ C such that ‖x0 − x‖ = infy∈C ‖y − x‖. Putting x0 = PC (x), we call PC the metric projection onto C; see [5,
p. 12]. And we have the following result [18, p. 196] for the metric projection.
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