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1. Introduction

Let G be a bounded smooth domain of R?, g : 3G — S! a smooth boundary data of degree d > 0. For ¢ > 0, py > O,
t > 0,k > 2 and [ > 2 define the following functional of Ginzburg-Landau type

1 1 2
E. () = —/(po+r|x|’<|u|’) vul + — [ (1 uP) (1.1)
2 G 4e G
on the set
H}(G.€) = {u e H'(G,0); u =g on 0G}. (12)

We shall understand that iffG [u]'|Vu|> = oo thenE, (1) = co.In this paper we are interested in the study of the asymptotic
behavior of

min E, (u). (1.3)
ueHg (G.0)

Whent = 0,k = 0 and d = 0, Bethuel et al. [ 1] showed that as € tends to 0, u, tends to a harmonic uy which is equal to
gon dGin C*(G). It is easy to adapt the same method as in [1] to obtain the same result when k # 0.

The case whent = 0 and d > 0, corresponding to the Ginzburg-Landau energy, was studied by Bethuel et al. in [2] (see
also Struwe [3]), where it was shown that:
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(i) for a subsequence &, — 0 we have, u,, — u, = el® =1 2 aj-l in C*(G\ {ay, ..., aq}), whereay, ..., aq are distinct
- ]

points in G and ¢ is a smooth harmonic function determined by the requirement u, = g on 9G.
(ii) E;(u,) = 2md|loge| +0(1) ase — 0.

In the case where t > 0 and | = 0, the problem for more general weight depending only on x is studied, see [6-8] and
[4,5]. They showed that the presence of the weight forces the location of the vortices near the minima of the weight and
when the degree is greater than the number of the minima of p the interaction between vortices, led to a term of order
Inln } It is also shown in the above references that the zeros of u, are located, for small ¢, near the minima of the weight.

In this paper, we study the effect of the presence of |u| in the weight py + t|x|*s'. Our weight is a particular one and
gives a significant situation. For instance, if we consider the case where k = 0, we show that we obtain a similar result
of convergence as in [1] but the energy is greater than their energy. More precisely, in Theorem 1 we examine the case
deg(g, 0G) = 0,k > 0and ! > 0. In Theorem 2 we examine the case deg(g, dG) > 0,k = Oand ! > 0. In Theorem 3 we
examine the most general case deg(g, dG) > 0, k 7 0 and [ # 0. In both the last two cases we obtain a convergence result
for a sequence of minimizers of our problem and we show that, under a small perturbation of the weight py + t|x|*s!, the
singularities of the limit problem are minima of pg + t|x|. As regards the energy, in Theorem 2, as &, — 0 we get

E., (us,) = md (o + t) 1n€l +0(1) (1.4)

n

while in Theorem 3 where, without loss of generality, we can suppose that 0 € G, as ¢, — 0 we obtain

1 d?>—d 1
E.,(us,) =mpo (dln — + Inln— )+ 0(1). (1.5)
3 &

n n

The motivation of our study for the functional (1.1) comes from type II superconductors in the presence of vortices,
see [4-10].

The presence of the weight function is motivated by the problem of the pinning of vortices. It forces the location of the
vortices to some favorite sites. In the case where [ = 0 the regions where the weight is relatively small are called weak links,
see [11]. So, we expect that the minima of the weight po + t|x|*s' will play an important role. As we shall show below, the
zeros of a minimizer of our problem are located, for small ¢, near the minima of py + t|x|*.

2. Setting of the problem and some preliminary results
At first, let us recall a definition and a lemma contained in [12].
Definition 1. Let £2 be an open set of R, 1 < p < 00, (§2, J, n) denote a measure space with . non-negative and finite and

J is u-complete. Set B, the borel o-field of R". A function f : 2 x R™ x R" —] — 00, +00] is said to be a normal-convex
integrand if f is 7 ® B, ® B,-measurable function and there exists a ;-negligible set N C £2 such that

f &, - ) isls.c.onR™ x R" foreveryx € 2 — N
f (x,s,-) isconvexonR" forevery x € 2 — N, scR™.

Lemma 2.1. Let £2 be a bounded open set of R" with Lipschitz boundary and let f : £ x R™ x R™ — [0, +00] be a normal-
convex integrand in the sense of Definition 1. Then the functional

F ) :/f(x, u, Vu) (2.1)
2

is sequentially weakly W' (2, R™) — Ls.c.

As a consequence of Lemma 2.1 we have

Lemma 2.2. Let G be a bounded regular open set of R?. Then, the functionals

F> (u) zf(po+tIXI"|uI’)|Vu|2 (2.2)
G

and
F(u) = / Xl ul! | Va2 (2.3)
G

are sequentially weakly W' (G, R®) — Ls.c.
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