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Abstract

Let B be a N-dimensional ball {x € RV : |x| < R} centered at the origin with a radius R, B be its closure, and 3B be its
boundary. Also, let v(x) denote the unit inward normal at x € d B, and x g (x) be the characteristic function, which is 1 for x € B,
and 0 for x € RN\ B. This article studies the following multi-dimensional semilinear parabolic first initial-boundary value problem
with a concentrated nonlinear source on 9 B:

ad
u—Au=a Xg(x)f(u) in RN x (0, T1,
v
u(x,0)=0 forxeRN, u(x,t) >0 as|x|] >oofor0<t<T,

where « and T are positive numbers, f is a given function such that lim,,_, .- f(#) = oo for some positive constant ¢, and f (u)
and its derivatives f/(u) and f”(u) are positive for 0 < u < c. It is shown that the problem has a unique nonnegative continuous
solution before quenching occurs, and if # quenches in a finite time, then it quenches everywhere on d B only. It is proved that u
always quenches in a finite time for N < 2. For N > 3, it is shown that there exists a unique number a™* such that u exists globally
for @ < a™ and quenches in a finite time for & > ™. Thus, quenching does not occur in infinite time. A formula for computing a*
is given. A computational method for finding the quenching time is devised.
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1. Introduction

Let H = 0/d0t — A, T be a positive real number, x = (x1, X2, ..., Xy) l_)e a point in the N-dimensional El_lclidian
space RV, 2 = RN x (0, T], B be a N-dimensional ball {x € R" : |x — b’ < R} centered at a given point b with a
radius R, d B be the boundary of B, v(x) denote the unit inward normal at x € d B, and

() = 1 forx € B,
B =10 forx € RV\B,
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be the characteristic function. We would like to study the following multi-dimensional semilinear parabolic first initial-
boundary value problem with a source on the surface of the ball:

Hu :amf(u) in (2,
av

u(x,O):OforxeRN, u(x,t) >0 as |x] >ocoforO<t<T,

(1.1)

where « is a positive number. Without loss of generality, let b be the origin. This model is motivated by a N-
dimensional ball B having a radius R and situated in R¥: on the surface 9B of the ball, there is a nonlinear
heat source of strength «f (u), where u(x, t) in {2 is the unknown temperature to be determined. We assume that
lim,_, .~ f(u) = oo for some positive constant ¢, and f(u) and its derivatives f’(u) and f”(u) are positive for
0 < u < c. A solution u is said to quench if there exists an extended real number #; € (0, 0o] such that

sup{u(x,t):xeRN}ec_ ast — ty.

If z;, < oo, then u is said to quench in a finite time. If 7, = oo, then u quenches in infinite time. We note that whether
quenching for the heat equation with a non-concentrated source in an unbounded domain occurs in a finite time was
studied by Dai and Gu [1], and Dai and Zeng [2].

In Section 2, we show that the nonlinear integral equation corresponding to the problem (1.1) has a unique
nonnegative continuous solution u, which is a strictly increasing function of ¢. We then prove that u is the unique
solution of the problem (1.1). If #; is finite, we show that u quenches everywhere on 0 B only. In Section 3, we prove
that for N < 2, u always quenches in a finite time. This behavior is completely different from that for N > 3. In
Section 4, we show that for N > 3, there exists a unique number «* such that u exists globally for ¢ < o™ and
quenches in a finite time for @ > «*. This rules out the possibility of quenching in infinite time. We also derive a
formula for computing o*. In Section 5, we give a computational method for determining the finite quenching time 7.

2. Existence, uniqueness, and quenching
Green’s function g(x, t; &, ) (cf. Stakgold [3, p. 198]) corresponding to the problem (1.1) is determined by the
following system:

Hgx,t;E, 1) =8(x —&)5(t —t) forx,& € R and 1, T € (—00, 0),
gx,t;6,7)=0 forx,éeRN, andt < 7,
gx,t;6,7) > 0 as |x|] > ocoforé e RY andt, 7 € (—00, 00).

It is given by

g, 16, 7) = 1 [4n(t — 1)|V/? P\Tae =0 ) ’

0, t<r.

To derive the integral equation from the problem (1.1), let us consider the adjoint operator (—d/d¢ — A) of H. Using
Green’s second identity, we obtain

! 0
u(x,t)=a/f oGt £, 2EE) fue vz,
0 RN 81}

Let R denote a positive number larger than R. Then,

0
/RNgu,r;s,r) X;jg)f(u(é,r))d$=ﬁlim G 5 E D) FuE D) [V(E) - Vxp(E)] de.

—00JIE|<R

Since xp(£) = 0 for £ € RV\B, it follows from an integration by parts that

lim g, 18, 0) f(uE, 1) [v(E) - Vxp(§)]dE

R—o0 J|&|<R
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