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a b s t r a c t

In this paper we prove the existence of a fixed point for several classes of mappings
(mappings admitting a center, nonexpansive mappings, asymptotically nonexpansive
mappings) defined on the closed convex subsets of a Banach space satisfying some
proximinality conditions. In particular, we derive a sufficient condition, more general than
weak star compactness, such that if C is a bounded closed convex subset of `1 satisfying
this condition, then every nonexpansive mapping T : C → C has a fixed point.

© 2008 Elsevier Ltd. All rights reserved.

1. Introduction

Let X be a Banach space and C be a nonempty subset of X . It is commonly said that C has the fixed point property with
respect to a class of mappings if every mapping T in this class and defined from C to C has a fixed point. For example the
well-known Schauder Theorem states that every compact convex C has the fixed point property for continuous mappings.
InMetric Fixed Point Theorymuch effort has been spent in identifying classes of sets (closed convex bounded sets, convex

weakly compact sets, convex weakly star compact sets, etc.) of some Banach spaces (usually enjoying a nice geometric
property) satisfying the fixed point property for nonexpansive mappings.
For example in Hilbert spaces it is known [1] that a closed convex subset has the fixed point property for nonexpansive

mappings if and only if it is bounded. Moreover, all contractible finite unions of closed bounded and convex sets, and
all closed bounded starshaped sets have this property. Even not necessarily convex sets but with the property of being
Chebyshev with respect to its convex closure have the fixed point property for nonexpansive mappings. (See [2] and the
references therein).
For non-Hilbertian Banach spaces there are different situations. For instance in the classical space c0, Dowling, Lennard

and Turett [3] have proven that a nonempty, closed, bounded, convex subset of c0 has the fixed point property for
nonexpansive mappings if and only if it is weakly compact, giving an affirmative answer to a conjecture appeared several
years before in [4].
However, this result is not true for the Banach space (`1, ‖ · ‖1). It is well known that the weakly star compact convex

subsets of (`1, ‖ · ‖1) have the fixed point property for nonexpansive mappings (see [5]), but there exist some closed convex
and bounded subsets without this property (see [6]).
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Thus it is quite natural to ask:What kind of closed bounded and convex subsets of (`1, ‖·‖1) have the fixed point property
for nonexpansivemappings? (Very recently in [7], it has been shown that all closed convex bounded subsets of `1 satisfy the
fixed point propertywith respect to the class ofmappingswhich are ‖·‖-nonexpansive,where ‖·‖ is a normon `1 equivalent
to ‖ · ‖1). We will give a property of closed convex bounded subsets of `1, more general than weak star compactness which
implies the fixed point property for nonexpansive and asymptotically nonexpansive mappings.
Since we only need to use some properties of `1 with respect to the weak star topology, which are shared by many

other Banach spaces with respect to some other suitable topologies, we develop our results in a more general setting. We
consider that τ is a linear topology on a Banach space X , weaker than the norm topology. In our main results, we assume
that the Banach space X satisfies a property with respect to τ , called L(τ ), which can be seen as an abstract version of some
properties which are satisfied by the spaces `p, 1 < p <∞with respect to theweak topology or `1 with respect to theweak
star topology. This condition is shared by some function spaces for suitable topologies, for instance, Lp(Ω)with respect to the
topology of local convergence in measure or any L-embedded Banach space with respect to the abstract measure topology.
In Section 2, we state the notation and show some preliminary results which will be needed in the paper. In particular,

for a subset C of X we introduce some compactness conditions concerning proximinal subsets of C , which will be called
properties (P) and (Pτ ).
The class of mappings admitting a center (i.e. ‖Tx − x0‖ ≤ ‖x − x0‖ for some x0 ∈ X), will be a basic tool in this paper.

Some fixed point results for mappings admitting a center were given in [8]. In Section 3 we give a complete characterization
of the fixed point existence for mappings admitting a center by means of Property (P).
Section 4 is devoted to study the existence of fixed points in an important class of spaces which are usually called strictly

L(τ )-spaces and which contains all Lebesgue Lp(Ω) spaces for p ≥ 1. We will show that for these spaces there is a strong
connection betweenmappings admitting a center and nonexpansivemappings, and so we can use the results in Section 3 to
obtain new fixed point results for nonexpansivemappings. In particular, we obtain a class of subsets of `1, more general than
the class of theweak star compact convex subsets,whichhave the fixedpoint property for nonexpansivemappings. The L(τ )-
property also proves to be useful to obtain fixed point results for multivalued nonexpansive mappings and asymptotically
nonexpansive mappings and to study behavior of the iterates of a nonexpansive mapping.
Finally, in Section 5,weuse the notion of asymptotically isometric basis to give some additional theorems in `1, improving

some results of [9].

2. Preliminaries

Along this paper (X, ‖ · ‖) will be a Banach space and τ a linear topology on X weaker than the norm topology. For a
bounded sequence (xn) in X and a closed convex bounded subset C of X , we denote:

• φ(xn) : X → R+ the real function φ(xn)(y) := lim supn→∞ ‖xn − y‖.
• Given x ∈ X, d(x, C) := inf{‖x− y‖ : y ∈ C}.
• Given x0 ∈ X, PC (x0) := {x ∈ C : ‖x− x0‖ = d(x0, C)}.
• Given x0 ∈ X, r > 0, B[x0, r] := {x ∈ X : ‖x0 − x‖ ≤ r}.

The following concept was introduced in [8]:

Definition 2.1. Let C be a bounded closed convex subset of (X, ‖ · ‖). A point x0 ∈ X is said to be a center for a mapping
T : C → X if, for each x ∈ C, ‖Tx− x0‖ ≤ ‖x− x0‖.

Definition 2.2. LetC, Abenonempty subsets of (X, ‖·‖).We say thatC has the fixed point property for continuousmappings
of C with center in A if every continuous mapping T : C → C admitting a center x0 ∈ A has a fixed point.

Definition 2.3 (See [10]). We say that X has the τ fixed point property (τ -FPP) if every nonexpansive mapping T defined
from a convex norm-bounded τ -sequentially compact subset C of X into C has a fixed point.

Notice that Definition 2.3 is equivalent to the usual definition ofw-FPP when τ is the weak topology. When X is the dual
of a separable Banach space, it is also equivalent to thew∗-FPP if τ is the weak star topology.
From now on, we refer to C

τ
as the sequential closure of C with respect to the topology τ .

Definition 2.4. Let C be a nonempty closed convex bounded subset of (X, ‖ · ‖). Let A be a nonempty subset of X . We say
that C has Property (P) with respect to A if for every x ∈ A the set PC (x) is a nonempty and norm-compact subset of C . In
particular, for simplicity, we will say that C has Property (P) if it has Property (P)with respect to C

τ
.

Definition 2.5. Let C be a nonempty closed convex bounded subset of (X, ‖ · ‖). We say that C has Property (Pτ ) if for every
x ∈ C

τ
the set PC (x) is a nonempty and τ -sequentially compact subset of C .

Obviously, Property (P) implies (Pτ ).
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