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a b s t r a c t

In this paper, we investigate the blow-up properties of positive solutions to the following
integro-parabolic equations

ut = ∆u+ eαu +
γ − 1
|Ω|

∫
Ω

eβudx,

where α, β > 0 and γ > 1, andΩ = {x ∈ Rn : |x| < R}. For the radially symmetric and
non-increasing initial data, we give a complete classification in terms of global and single
point blow-up according to the parameters α and β . Moreover, the blow-up rates are also
determined in each case. Particularly, for the special case: α = β and n ≤ 2, it will be
proved that the blow-up rate at x = 0 is faster than that at the other point x 6= 0. This
seems to be a new phenomenon for this kind of problem.

Crown Copyright© 2008 Published by Elsevier Ltd. All rights reserved.

1. Introduction and main results

The thermal combustion process in a solid fuel can be modelled by the semi-linear parabolic equation [1]

ut = ∆u+ f (u), (1.1)

where f (u) = eu or up with p > 1. However, for an ideal gaseous fuel in a bounded container, the motion caused by the
compressibility of the gas leads to the addition of a nonlocal integral term that complicates the model. For example, the
ignition period of a thermal event can be described by the following integro-parabolic problem [2,3,1]

ut = ∆u+ eαu +
γ − 1
|Ω|

∫
Ω

eβudx, x ∈ Ω, t > 0,

u(x, t) = 0, x ∈ ∂Ω, t > 0,
u(x, 0) = u0(x) ≥ 0, x ∈ Ω,

(1.2)

where α and β are positive constants,Ω ⊂ Rn is a bounded domain (container) with smooth boundary, u is the temperature
perturbation of the gas, and γ > 1 is the gas parameter. When γ = 1, the problem (1.2) becomes (1.1) that has received
much attention, see [1,4,5] and the references therein.
In case that α = β = 1, Bricher [2] proved that the solution blows up everywhere if n ≤ 2, and blows up at a single point

if n ≥ 3 and γ − 1 > 0 is sufficiently small. However, the blow-up set is not clear for n ≥ 3 and the general γ > 1. When
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u blows up everywhere we also say that u is a global blow-up solution, and when u blows up at a single point we also say
that u is a single point blow-up solution. A number of papers have considered similar reaction–diffusion equations with a
competition between local and nonlocal terms and studied its effect on blow-up sets and rates. Let us mention, for instance
References [6–12].
In this paper, we study the blow-up properties of the solution to the problem (1.2) for the radial case. LetΩ = {x ∈ Rn :

|x| < R}. We first state two assumptions.
(A1) u0 ∈ C2(Ω), u0 = u0(r)with r = |x|, u′0(r) < 0 for 0 < r ≤ R, u0(R) = 0 and u

′′

0(0) < 0.
(A2) ∆u0 + eαu0 +

γ−1
|Ω|

∫
Ω
eβu0dx ≥ 0, x ∈ Ω .

Remark 1.1. (i) If u0 satisfies the assumption (A1), then u0(r) > 0 for 0 ≤ r < R.
(ii) Assume that ϕ0(x) satisfies the condition (A1). Then the function u0(x) = λϕ0(x) satisfies the condition (A2) provided

that λ > 0 is large enough.
(iii) If the initial data u0 satisfies the conditions (A1) and (A2), then the solution u(x, t) = u(r, t) is radially symmetric

and satisfies ur ≤ 0, ut ≥ 0.

Let u be the blow-up solution of (1.2) and set

g(t) =
γ − 1
|Ω|

∫
Ω

eβudx, G(t) =
∫ t

0
g(s)ds.

Our main results are the following:

Theorem 1.1. Let ϕ0(x) be a fixed function and satisfy the condition (A1). Set u0(x) = λϕ0(x). If β > α, then there exists a
constant Λ(ϕ0) > 0, such that

lim
t→T∗

u(x, t)
| ln(T ∗ − t)|

=
1
β
, ∀x ∈ Ω

provided that λ > Λ(ϕ0). This implies that u blows up uniformly on compact subset of Ω .

Theorem 1.2. Assume that the conditions (A1) and (A2) hold. If α = β , then we have
(i) if n ≤ 2, then the solution u(x, t) blows up everywhere and has the following non-uniform blow-up rates:

lim
t→T∗

u(0, t)
| ln(T ∗ − t)|

=
1
α
,

lim
t→T∗

u(x, t)
| ln(T ∗ − t)|

= 0, ∀x ∈ Ω \ {0};

(ii) if n ≥ 3, then the solution u(x, t) blows up only at the single point x = 0 and satisfies

lim
t→T∗

u(0, t)
| ln(T ∗ − t)|

=
1
α
.

Theorem 1.3. Assume that the assumptions (A1) and (A2) hold. If α > β , then the solution u(x, t) blows up only at the single
point x = 0 and satisfies

lim
t→T∗

u(0, t)
| ln(T ∗ − t)|

=
1
α
.

Remark 1.2. The result (i) of Theorem 1.2 shows that, when α = β and n ≤ 2, the solution u(x, t) blows up everywhere
and the blow-up rate at x = 0 is faster than that at the other point x 6= 0. It seems to be a new and surprising phenomenon
for this kind of problem. However, it is not clear if the blow-up rate is still uniform outside of the origin. It is an interesting
open problem to determine this rate.

We organize our paper as follows. Section 2 is devoted to the proof of Theorem 1.1. In Section 3, we prove Theorems 1.2
and 1.3.

2. The proof of Theorem 1.1

We first give the following lemmas which will be used in the sequel.

Lemma 2.1 ([3]). Assume (A1) holds.
(i) If limt→T∗ G(t) = ∞, then blow-up occurs everywhere.
(ii) If limt→T∗ G(t) <∞, then blow-up occurs only at the origin.
As a consequence, the blow-up solution of (1.2) blows up either everywhere or at the single point x = 0.
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