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a b s t r a c t

Let X be a Banach space while (Y ,�) is a Banach lattice. We consider the class of ‘‘upper
separated’’ set-valued functions F : X → 2Y and investigate the problemof the existence of
convex and locally Lipschitz selections of F . We discuss some applications of the selection
results obtained in the paper to the theory of deterministic and stochastic differential
inclusions.
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1. Introduction

In general, for deterministic or stochastic differential inclusions, an appropriate kind of regularity of their multivalued
structure is required. In particular, the properties such as the Lipschitz continuity, lower, upper semicontinuity or
monotonicity of set-valued mappings have most often been considered (see e.g. [1,2] and references therein). One of the
main reasons is that such regularities imposed on set-valued operators allow us to use results on the existence of exact or at
least approximate selections having an appropriate kind of regularity, and therefore to reduce the multivalued problems to
single-valued ones. Hence regular selections have attracted considerable interest as a useful tool for proving the existence
of solutions of set-valued problems. In the paper, we deal with a new class of multifunctions with values in Banach lattices,
which need not satisfy any of these properties mentioned above. For this class, we study necessary and sufficient conditions
for the existence of convex and locally Lipschitz selections. In particular, the convexity of selections allows us to prove an
infinite-dimensional version of the convex-type Sandwich Theorem. This result extends the one dimensional, necessary and
sufficient conditions for the existence of a convex function which separates two given functions. On the other hand, having
a local Lipschitz selection, we prove new existence results for deterministic and stochastic differential inclusions.
We begin our considerations with auxiliary definitions and facts needed in the sequel.

2. Upper separated set-valued functions in Banach lattices

Let X, Y be Banach spaces. Let K+ denote a cone of positive elements in Y . We will use the notation x � y if y− x ∈ K+.
We will always assume that (Y ,�) is an order complete Banach lattice (i.e., every nonempty and majorized subset of

∗ Corresponding author.
E-mail address: j.motyl@wmie.uz.zgora.pl (J. Motyl).

0362-546X/$ – see front matter© 2009 Elsevier Ltd. All rights reserved.
doi:10.1016/j.na.2009.01.067

http://www.elsevier.com/locate/na
http://www.elsevier.com/locate/na
mailto:j.motyl@wmie.uz.zgora.pl
http://dx.doi.org/10.1016/j.na.2009.01.067


2336 M. Michta, J. Motyl / Nonlinear Analysis 71 (2009) 2335–2342

Y has a supremum in Y ). A set A in a Banach lattice is called order bounded if it is contained in some order interval
[a, b] = {y ∈ Y : a � y � b}. A set A in a Banach lattice is called full (or order convex) if for each x, y ∈ A the order
interval [x, y] ⊂ A.
We adjoin to Y the greatest element+∞ together with the lowest element−∞ and extend the vector space operations

in a natural way. Let Ȳ = Y ∪ {±∞}.
Let us consider an extended function f : X → Ȳ . Let Dom f = {x ∈ X : f (x) 6= ±∞} and define the epigraph of f by the

formula

Epi(f ) = {(x, a) ∈ X × Y : f (x) � a}.

Definition 1. A function f : X → Ȳ is order convex if for every x, y inX andλ ∈ [0, 1] f (λx+(1−λ)y) � λf (x)+(1−λ)f (y).

A function f : X → Ȳ is locally order-Lipschitz if and only if for every x0 ∈ X there exists an open neighborhood Ux0 and
a y ∈ K+ such that |f (x)− f (z)| � y‖x− z‖ for every x, z ∈ Ux0 .

Definition 2. Let F : X → 2Y be a set-valued function. F is majorized in a neighborhood of x0 if there exists an open
neighborhood Ux0 and y ∈ Y such that for each x ∈ Ux0 and every a ∈ F(x) the inequality a � y holds.
A function f : X → Y is called a selection of F if f (x) ∈ F(x) for every x ∈ X .

Let V ,W : X → Ȳ be defined by formulas

V (x) = sup{a : a ∈ F(x)}
W (x) = inf{b : b ∈ F(x)}.

(1)

LetΠF(x)(a) denote the metric projection of a point a ∈ Y onto the set F(x). We define

V̄ (x) :=
{
ΠF(x)(V (x)) for x ∈ Dom V
+∞ for x 6∈ Dom V

W̄ (x) :=
{
ΠF(x)(W (x)) for x ∈ DomW
−∞ for x 6∈ DomW .

(2)

Let ClConvY denote the family of all closed, convex and nonempty subsets of Y . By L(X, Y ) we denote the space of
all linear and norm-continuous operators from X to Y . Below we introduce the class of set-valued functions called ‘‘upper
separated’’ and study their connections with the problem of the existence of order convex selections.

Definition 3. A set-valued function F : X → ClConvY is upper separated if each point (x, W̄ (x)− ε) can be separated from
the set EpiV̄ in the following sense: for every x ∈ X and each ε ∈ K+ \ {0} there exist A ∈ L(X, Y ), a ∈ R1 and δ ∈ K+ \ {0}
such that for every y ∈ Dom V̄ and each b ∈ K+ the condition

A(x)− A(y)+ a(W̄ (x)− V̄ (y)− ε − b)− δ ∈ K+ (3)

holds.

Example 1. When (Y ,�) = (R1,≤), then W̄ (x) = W (x), V̄ (x) = V (x) and therefore, a set-valued function F from a Banach
space X into subsets of R1 is upper separated if for every x ∈ X and ε > 0 there exists a hyperplane Hx,ε strongly separating
a point (x,W (x)− ε) from the set EpiV (see [3]).

Theorem 1. Let F : X → ClConvY be majorized in a neighborhood of some point x0. Assume that F admits an order convex
selection f . If the following conditions hold:

(i) V (x) ∈ F(x) for every x ∈ Dom V ,
(ii) W (x) ∈ F(x) for every x ∈ DomW,

then F is upper separated.

Proof. Since every Banach lattice is normal [4, Ch.V], f is order convex andmajorized in the neighborhood of some point x0,
we deduce by Theorem 3.1 of [5] that f is continuous in X . By Lemma 3.2 of [5] its order subdifferential

∂ f (x) = {A ∈ L(X, Y ) : A(y)− A(x) � f (y)− f (x) ∀y ∈ X} (4)

is nonempty. Therefore, for every x ∈ X there exists an operator Ax ∈ L(X, Y ) such that

Ax(y)− Ax(x) � f (y)− f (x) ∀y ∈ X . (5)

But f is a selection of F so we have f (y) � V (y) and f (x) � W (x). Therefore, for every b ∈ K+ we get

Ax(y)− Ax(x) � V (y)−W (x)+ b, (6)
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