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The paper deals with the initial boundary value problem for the linear wave equation
a9
Uy — P (u(x, tHuy) + Aur +Fu) =0, 0<x<1,0<t<T,
X

100, )11y (0, €) = go(t) + f kot — $)u(0, 5)ds,
0
t
a1, (1.0 = g1 (0) + / kit — yu(1, s)ds,

U(x,0) = (0,  1(x,0) = iy (x),

where F, u, g9, 1, ko, k1, Ug, Uy are given functions and A is a given constant. The paper
consists of four main parts. In Part 1, under conditions (ug, u1, g9, g1, ko, k1) € H!' x 2 x
(H'(0,T)* x W0, T)% u € WHQp), e € L'(O, T; L), u(x,t) > po > 0, ae.
(x,t) € Qr; the function F continuous, foz F(s)ds > —Cyz% — (), forallz € R, with G,
C; > 0 are given constants and some other conditions, we prove that, the problem (1)
has a unique weak solution u. The proof is based on the Faedo-Galerkin method associated
with the weak compact method. In Part 2 we prove that the unique solution u belongs
to H2(Qr) N L*°(0, T; H*) N €%(0, T; H') N C'(0, T; [?), with u; € L®(0, T; HY), uy €
L%°(0, T; [?), if we assume (ug, u;) € H?> x H', F € C! (R) and some other conditions. In
Part 3, with F € CN*1(R), N > 2, we obtain an asymptotic expansion of the solution u of
the problem (1) up to order N + 1 in a small parameter A. Finally, in Part 4, we prove that
the solution u of this problem is stable with respect to the data (A, u, o, g1, ko, k1).

© 2008 Elsevier Ltd. All rights reserved.

1. Introduction

In this paper, we consider the initial boundary value problem for the nonlinear wave equation

d
e = = (R D) + @ u) =0, 0<x<1,0<t<T, (1.1)
X

t
10, u,(0,t) = go(t) + / ko(t — s)u(0, s)ds, (1.2)
0
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t
—u(1, D1, ) = g1 (0) + / kit — s)u(1, s)ds, (13)
0

u(x, 0) = up(x), ue(x, 0) = uy(x), (1.4)

where f (u, u;) = F(u) + Aug, with A is a constant, F, i, o, g1, Ko, k1, Ug, U1 are given functions satisfying conditions specified
later.
In [1], An and Trieu studied a special case of problem (1.1) and (1.4) associated with the following boundary conditions:

uy(0, t) = go(t) + hou(0, t) + / ko(t — s)u(0, s)ds, (1.5)
0

u(1,6) =0, (1.6)

with u = 1,ug = uy = 0,and f (u, u;) = Ku+ Aug, withK > 0,1 > 0, hy > 0 given constants and gy, kg are given functions.
In the latter case, the problem (1.1) and (1.4)-(1.6) is a mathematical model describing the shock of a rigid body and a linear
viscoelastic bar resting on a rigid base [1].

In [2] Bergounioux, Long and Dinh studied problem (1.1) and (1.4) with the mixed boundary conditions (1.2) and (1.3)
standing for

ux(0, t) = g(t) + hu(0, t) — / k(t — s)u(0, s)ds, (1.7)
0

ux(],t)+I<]U(1,t)+)\.‘1“t(1,t) :07 (1'8)

where f (u, u;) = Ku + Aug, withK > 0,1 > 0,h > 0,K; > 0, A; > 0 are given constants and g, k are given functions.

In [11], Long, Dinh and Diem obtained the unique existence, regularity and asymptotic expansion of the problem (1.1),
(1.4), (1.7) and (1.8) for the case of f (u, u;) = K|u[P~2u + A |u¢|9% u,, where K, 1. > 0,p, g > 2 and (uo, u1) € H*> x H'.

In [12], Long, Ut and Truc gave the unique existence, stability, regularity in time variable and asymptotic expansion for
the solution of problem (1.1) and (1.4) with the mixed boundary conditions (1.2) and (1.3) standing for

u(0,t) =0, (1.9)
—u(®u(1,t) = g(t) + K1 ()u(1, t) + 1 (O)u (1, t) — / k(t — s)u(1, s)ds, (1.10)
0

where i1 = u(t), up € H?> and u; € H', f(u, uy) = Ku + Aug, with A(t) > Ao > 0, K1(t), g(t), k(t) are given functions, and
K > 0,) > 0, A¢p > 0are given constants. In this case, the problem (1.1), (1.4), (1.9) and (1.10) is the mathematical model
describing a shock problem involving a linear viscoelastic bar.

In [14] Santos studied the asymptotic behavior of solution of problem (1.1), (1.4) and (1.9), with f (u, u;) = 0, u = u(t),
associated with a boundary condition of memory type at x = 1 as follows

t
u(1,t) + / gt —s)u(s)uy(1,s)ds =0, t=>0. (1.11)
0

Santos transformed (1.11) into (1.10) with K; (t) = ‘%, A(t) = ﬁ are positive constants.

In this paper, we consider four main parts. In Part 1, under conditions (uq, u1, o, g1, ko, k1) € H' x [ x (H] (O, T))2 X
(w'(o, T))Z, w e WHQp), ue € L0, T;L®), u(x,t) > pmo > 0, ae. (x,t) € Qr; the function F continuous,
foz F(s)ds > —Cyz> — (. forall z € R, with C;, C; > 0 are given constants and some other conditions, we prove that
the problem (1.1)-(1.4) has a unique weak solution u. The proofis based on the Faedo-Galerkin method associated with the
weak compact method. We remark that the linearization method in the paper [10] cannot be used in [9,13]. In Part 2 we
prove that the unique solution u belongs to H?(Qr) N L>(0, T; H?) N C%(0, T; H') N C'(0, T; L?), with u; € L*®°(0, T; H),
U € L®°(0, T; [?), if we assume (ug, u7) € H® x H', F € C'(R) and some other conditions. In Part 3, with F € CNTI(R),
N > 2, we obtain an asymptotic expansion of the solution u of the problem (1.1)-(1.4) up to order N 4 1 in a small parameter
A. Finally, in Part 4, we prove that the solution u of this problem is stable with respect to the data (X, u, go, g1, ko, k1). The
results obtained here may be considered as the generalizations of those in [1,2,9-14].

2. The existence and uniqueness theorem

Put 2 =(0,1),Qr = 2 x (0,T), T > 0. We omit the definitions of usual function spaces: C™ (5) LP(£2), W™P (£2).

We denote W™P = W™P(2),IP = WOP(2),H" = W™2(2),1<p<oo,m=0,1,....

The norm in I? is denoted by || - ||. We also denote by (-, -) the scalar product in L? or pair of dual scalar products of
continuous linear functionals with an element of a function space. We denote by || - ||x the norm of a Banach space X and



Download English Version:

https://daneshyari.com/en/article/843350

Download Persian Version:

https://daneshyari.com/article/843350

Daneshyari.com


https://daneshyari.com/en/article/843350
https://daneshyari.com/article/843350
https://daneshyari.com

