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Abstract

We investigate the asymptotic speed of propagation and monotone traveling wave solutions for a lattice integral equation which
is an epidemic model while the population is distributed on one-dimensional lattice Z. It is proved that the asymptotic speed of
propagation cx coincides with the minimal wave speed.
© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

One of the epidemic models is the following integral equation

t
u(t,x) = / At —1) | gu(r,§))V(x —§&)dédr + f(t,x), t=0,x eR". (1.1)
0 R"
The behaviors of (1.1) associated with a time-translation invariant homogeneous equation
t
u(t,x) = / At — 'L’)/ gu(r,&)V(x —§)dédr, teR, x eR", (1.2)
—00 R

were investigated by Diekmann [5-7], such as the existence of traveling wave solutions, the minimal wave speed
of (1.1), the asymptotic speed of propagation of (1.1) etc. The problem of traveling wave solutions has been widely
investigated for reaction-diffusion equations ([3,4,8,9,11,12] and [17]) and integral equations [13,14]. The concept of
asymptotic speed of propagation was introduced by Aronson and Weinberger [1,15] for reaction-diffusion equations
and applied by Aronson [2], Diekeman [5], Thieme [13], Thieme and Zhao [14], Radcliffe and Rass [10] to integro-
differential and integral equations, and by Weng, Huang and Wu [16] to a lattice differential equation. The extensive
references could be found in Thieme and Zhao [14].
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If one considers a discrete spatial variable k € Z := {0, £1, £2, ...}, instead of x € R", that is, the population of
the species is distributed on a one-dimensional lattice, one could have a model with the form

t
(1) = / > Akmjt = Dguj(m)dT + fit), 120,k € Z. (1.3)

0 JEZ
A special case of (1.3) is
Ak_j(l —2) = Vk_jA(t —2),

which gives a discrete analog of (1.1).
In the present paper, we are interested in the asymptotic speed of propagation for (1.3), the existence of traveling
wave solutions for the corresponding time-translation invariant homogeneous system

t
ur(t) = / ZAk_j(t —1)guj(r))dr, teR, kel 1.4
X jeZ
For the convenience of use, we first give some notations:
O N={0,1,2,.. ,Ny ={1,2,.., Z={0,£1,42,.. }, Ry = [0, +00), Iy = {j||j| < N, N € Ny.};
(i) u(t, j) =u;j@), u) =u(t,-) = {u;)} ez, supp u(t) = {jlu(z, j) # 0} is the support of u(z, -);
(i) u(t) = v(@)ifu;(@) = vj(t) for j € Z,u(t) > v(@) if u(t) > v(t) and u;(t) > v;(t) for j € supp v(z).
We shall assume that the followings hold through this article.
(Hy) Forany j € Z, fj € C(Ry,Ry); for any givent € Ry, supp f(¢) is not empty.
(Hy) Forany j € Z,t e R, A;(t) = A_j(t) (we call {A(?)} is isotropic), A;(¢) > 0; Ag(r) > 0, A1(t) > O for
some interval ¢ € [a, b] C Ry; let A(s) = Zjez Aj(s),and A € Li(Ry) N Loo(Ry) and fooo A@®dr = 1;
there exists a A : 0 < A < oo such that

o0
/ ZAj(s)e)‘jds < 00
0 JEZL
forr € A =0, A);
(Hy) g € CI(R+,R+) and there exists some L > O such that |g(u) — g(v)] < L|lu — v| for u,v € Ry;
g(0) =0, g’(0) > 1; thereisa p > O such that g(p) = p, g(x) > xfor0 < x < p, p < g(x) < x forx > p.

Remark 1.1. We mention here that one could find A for some {A ;(¢)} in (H,). In fact, if there exists a positive integer
N such that A () = 0 for |j| = N,z € R, then A = [0, 00); if A;(r) = e"*ilq(t) for j € Z, % > 0 and some ¢ (1)
satisfying [;° ¢ (t)dt < oo, then A = [0, ).

The organization of this paper is as follows. In Section 2, we prove the existence, uniqueness, positivity and other
properties of solutions for (1.3). In Section 3, we establish the existence of the asymptotic speed of propagation c
by appealing to the methods in [5,13]. In Section 4, we obtain the existence of monotone traveling waves with wave
speed ¢ > c, by the method of upper and lower solutions and a limiting argument, and the nonexistence of traveling
waves with wave speed ¢ € (0, c,). It turns out that the asymptotic speed of propagation coincides with the minimal
wave speed.

2. Solutions of (1.3)

A solution of (1.3) on an interval I C Ry is a sequence of functions {uy (¢)},e7 defined on [ satisfying (1.3). u(t) is
isotropic on [ if uy(t) = u_x(t) fork € Z, t € I. In the following, we simply call u(¢) = {uy(¢)}xe7, a function u(t).
For any given A > 0, define a set

Sp= Ju@) = uOhezlux € CR, Ry, k€Z, sup {uj()e '} < oo
Jje€Z,teR4

equipped with a norm of ||u||; = sup,eR+’jeZ{u.,~ (t)e~*'}. Then S;, is a Banach space.
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