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Weak solutions for nonlocal boundary value problems
with low regularity data
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Abstract

This paper concerns the existence and uniqueness of weak solutions for elliptic and parabolic equations
under nonlocal boundary conditions, based on maximal regularity. It also gives the positivity of solutions
which can be used in monotone iteration methods. As an application, the results are used to discuss some
specific nonlocal problems.
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1. Introduction

We consider the following quasilinear parabolic initial boundary value problem (IBVP for
short):⎧⎨

⎩
ut + A(t, x, u)u = f (t, x, u), in QT ,

B(t, x, u)u = κ(t, x, u), on ∂Ω ,

u(x, 0) = u0(x), on Ω ,

(1.1)

where Ω is a bounded domain in R
n (n ≥ 2) lying on one side of its boundary Γ = ∂Ω ,

Γ = Γ0 ∪ Γ1 is a C2-submanifold with Γ0 ∩ Γ1 = ∅. QT := (0, T ) × Ω .

A(t, x, u)v = −∇(a(t, x, u)∇v + 	b(t, x, u)v) + 	c(t, x, u) · ∇v + a0(t, x, u)v
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and A(t, x, u) is strongly elliptic. The boundary operator is given by

B(t, x, u)v := δ{∂νav + (γ 	b · 	ν + d)γ v} + (1 − δ)γ v.

The coefficients a = (ai j )n×n , 	b, 	c, a0 and d satisfy regularity conditions on Q̄T × R or on
[0, T ]×Γ ×R, respectively specified below. ∂νau := γ a∇u · ν, ν is the outer unit-normal vector
on Γ , δ : Γ → {0, 1} is defined by δ−1( j) := Γ j for j = 0, 1, γ denotes the trace operator.

We assume that

f : Q̄T × R → R and κ : [0, T ] × Γ × R → R

(R+ := [0,+∞)) are Carathéodory functions; that is, f (respectively, κ) is measurable in
(t, x) ∈ Q̄T (respectively, in (t, x) ∈ [0, T ] × Γ ) for each u ∈ R and continuous in u for
a.e. (t, x) ∈ Q̄T (respectively, (t, x) ∈ [0, T ] × Γ ). We also consider the case where κ is a
nonlocal function, e.g., κ(t, x, u) = ∫

Ω k(t, x, y, u(t, y))dy.
The following special case of problem (1.1) has been treated in [13,19,20], for example, within

the framework of classical solutions by means of the monotone iteration technique:⎧⎪⎪⎨
⎪⎪⎩

ut + A1u = f (x, u), in QT ,
∂u

∂ν
+ bu =

∫
Ω

k1(x, y)u(t, y)dy, on ∂Ω ,

u(x, 0) = u0(x), on Ω

(1.2)

where b is a nonnegative constant, k1(x, y) ≥ 0 or
∫
Ω |k1(x, y)|dy < 1, A1(x) is a linear

strongly elliptic operator, and all data are assumed to be sufficiently smooth. The nonlocal
IBVP (1.2) stands, e.g., for a model problem arising from quasistatic thermoelasticity. Results
on linear problems can be found in [13,16,18], etc. As far as we know, this kind of boundary
condition appeared first in 1952 in a paper [15] by W. Feller who discussed the existence of
semi-groups. There are other problems leading to this boundary condition, e.g., control theory,
where

∫
Ω k1(x, y)u(t, y)dy = ∑J

j=1 w j (x)
∫
Ω k̃ j (y)u(t, y)dy, see [17,1] etc. Some other fields

such as environmental science [9] and chemical diffusion [21] also give rise to such kinds of
problems. We do not give further comments here.

It is our purpose to study weak (or very weak) solutions of the corresponding stationary
and evolution problem. We divide the paper into two sections. In the next section the
elliptic problem is studied. It includes existence, and positivity of weak and very weak
solutions. Semilinear parabolic problems are treated in the last section. Linear and quasilinear
problems are investigated there by using maximal regularity. The results are then applied to a
semilinear equation. In particular, we improve in this paper the known results on positivity (see
Theorem 3.11).

2. Elliptic problem

Let Ω1 := Ω ∪Γ1, R
n×n
post is the set of real symmetric and positive definite (n×n)-matrices, and

E(Ω) := C1(Ω̄ , R
n×n
post ) × (C1(Ω̄, R

n))2 × C(Ω̄ , R) × C(∂Ω , R).

We set{
Au := −∇(a∇u + 	bu) + 	c · ∇u + a0u, in Ω ,

Bu := δ{∂νau + (γ 	b · 	ν + d)γ u} + (1 − δ)γ u, on Γ
(2.1)

where a := (a(x)i j )n×n , and (a, 	b, 	c, a0, d) ∈ E(Ω).
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