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1. Introduction

Let E be a real Banach space with dual E*. We denote by ] the normalized duality mapping from E to 2F" defined by
o= € Bk f) = X2 = IIFI1P),
where (., .) denotes the generalized duality pairing. It is well known that if E* is strictly convex then ] is single valued and if E
is uniformly smooth then J is uniformly continuous on bounded subsets of E. Moreover, if E is a reflexive and strictly convex
Banach space with a strictly convex dual, then j~! is single valued, one-to-one, surjective, and it is the duality mapping from

E* into E and thus JJ~! = I« and J~'] = I; (see, [6,21]). We note that in a Hilbert space, H, J is the identity operator.
A mapping A : D(A) C E — E* is said to be monotone if for each x, y € D(A), the following inequality holds:

(Ax — Ay, x —y) > 0. (1.1)
A is said to be y-inverse strongly monotone if there exists a positive real number y such that
(x —y, Ax — Ay) > y|Ax — Ay|?, forallx,y € K. (1.2)

If Ais y-inverse strongly monotone, then it is Lipschitz continuous with constant % ie, |Ax—Ay| < % llx—y|, forallx, y € D(A),
and it is called strongly monotone if for each x, y € D(A) there exists k € (0, 1) such that

(A — Ay, x —y) = kllx — y||>. (1.3)
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A monotone mapping A is said to be maximal if its graph G(T) = {(x, y) : y € Ax} is not properly contained in the graph of any
other monotone mapping. It is known that monotone mapping A is maximal if and only if for (x, x*) € ExE*, (x—y, x*—y*) > 0
for every (y, y*) € G(A) implies that x* € A(T).

The notion of monotone mappings was introduced by Zarantonello [24], Minty [ 14] and Kacurovskii [9] in Hilbert spaces.
Monotonicity conditions in the context of variational methods for nonlinear operator equations were also used by Vainberg
and Kacurovskii [22]. This notion has been extended to Banach spaces by several authors (see, e.g., [1,3,7,10,18] and the
references contained therein).

Let E be a smooth Banach space. The function ¢ : E x E — R defined by

P(x.y) = IXI* = 2(x,Jy) + llyl> forx,y € E, (1.4)
is studied by Alber [1], Kimimura and Takahashi [10] and Reich [17]. It is obvious from the definition of the function ¢ that

(Xl = IyID? < ¢x, ) < (lIxll + llylD*  forx,y € E.

Observe that in a Hilbert space H, (1.4) reduces to ¢(x, y) = ||x — ||, forx,y € H.

Let E be a reflexive, strictly convex and smooth Banach space and let K be a nonempty closed and convex subset of E. The
generalized projection mapping, introduced by Alber [1], is a mapping II : E — K, that assigns to an arbitrary point x € E the
minimum point of the functional ¢(x, y), that is, IIxx = x, where x is the solution to the minimization problem

$(x, x) = min{g(y, x), y € K}. (15)

In fact, we have the following result.

Lemma 1.1 ([1]). Let K be a nonempty closed and convex subset of a real reflexive, strictly convex, and smooth Banach space E
and let x € E. Then there exists a unique element xo € K such that ¢(xo, x) = min{¢(z, x) : z € K}.

Let K be a nonempty closed convex subset of E, and let T be a mapping from K into itself. We denote by F(T) the set of fixed
points of T. A point p in K is said to be an asymptotic fixed point of T 3] if K contains a sequence {x,} which converges weakly
to p such that lim,_, - (Tx, —x,) = 0. The set of asymptotic fixed points of T will be denoted by F(T). A mapping T from K into
itself is called nonexpansive if | Tx — Ty|| < ||x — y|l for all x, y € K and relatively nonexpansive (see, e.g., [3,4]) if F(T) = F(T)
and ¢(p, Tx) < ¢(p, x) for all x € K and p € F(T). The asymptotic behavior of relatively nonexpansive mappings was studied
in [3-5]. A point p in K is said to be a strong asymptotic fixed point of T if K contains a sequence {x,} which converges strongly
to p such that lim,_,.(Tx, — x,) = 0. The set of strong asymptotic fixed points of T will be denoted by F(T). A mapping T
from K into itself is called relatively weak nonexpansive if F(T) = F(T) and ¢(p, Tx) < ¢(p, x) forall x € K and p € F(T).

If E is a smooth, strictly convex and reflexive Banach space, and A C E x E* is a continuous monotone mapping with
A~1(0) # @ then it is proved in [12] thatJ, := (J +rA)~Y, for r > 0 is relatively weak nonexpansive. Moreover, if T : E — E is
relatively weak nonexpansive then using the definition of ¢ one can show that F(T) is closed and convex.

It is obvious that a relatively nonexpansive mapping is a relatively weak nonexpansive mapping. In fact, for any mapping
T : K — K, we have F(T) C E(T) C F(T). Therefore, if T is a relatively nonexpansive mapping, then F(T) = F(T) = F(T).

Suppose that A is monotone mapping from K into E. The variational inequality problem is formulated as finding

apointu € K such that (v — u, Au) > 0, forallveK. (1.6)

The set of solutions of the variational inequality problem is denoted by VI(K, A). Variational inequalities were initially studied
by Stampacchia[11,13] and ever since have been widely studied. Such a problem is connected with the convex minimization
problem, the complementarity problem, the problem of finding point u € K satisfying VI(K, A). If E = H, a Hilbert space, one
method of solving a point u € VI(K, A) is the projection algorithm which starts with any point x; = x € K and updates
iteratively as x, .1 according to the formula

Xny1 = Pe(xn — apAxy), foranyn > 1,

where Py is the metric projection from H onto K and {«,} is a sequence of positive real numbers. In the case when A is
y-inverse strongly monotone, liduka, Calabashi and Toyoda [7] studied the following iterative scheme (see, e.g., [19],[15]).

xo € K, chosen arbitrary,

Yn = PK(XH - anAXn)

G={zeK:lyn—z| < lIx. — 2|1}, (1.7)
Qu={z€K: {x,—z x0—x,) > 0},

Xnp1 = Peyng, (X0), n > 1, forn > 1,

where {«,} is a sequence in [0, 2y]. They proved that the sequence {x,} generated by (1.7) converges strongly to Py (xo),
where Py 4) is the metric projection from K onto VI(K, A). In the case that E is a Banach space, Alber [ 1] proved the following
strong convergence theorem to the unique solution of the variational inequality VI(K, A).

Theorem A1 ([1]). Let K be a nonempty closed convex subset of a uniformly convex and uniformly smooth Banach space E.
Suppose an operator A of E into E* satisfies the following conditions:
(i) Aisuniformly monotone, thatis (x —y, Ax — Ay) > ¥ (|lx —yl|) for all x, y € E, where /(t) is a strictly increasing function for
all t > 0 with ¥(0) = 0.
(i) VI(K, A) # @.
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