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Abstract

This paper is concerned with the regularity of certain weak solutions to the Cauchy problem in RY fora degenerate nonlinear
parabolic equation. We get the Holder regularity of the weak solution when the parameter y > +/N — 1 and improve the
parameter’s region from y > v/2N — 1 toy > /N — 1 since /N — 1 < +/2N — 1.
© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

Define £2 = RN x R and let us consider the Cauchy problem

{ut =ulu — y|Vu|2, (x,1) € £ 0

u(x,0) = up(x), x eRN

where y is a nonnegative constant and u( is a bounded continuous and nonnegative function on RV .

Problem (1) becomes degenerate at the points where u vanishes. Therefore, in general, it has no classical solutions
and we have to consider its weak solutions.

The weak solution is defined as follows:
Definition 1.1. A function u € L% (2) N L% ([0, +00); Hl%)c (RM)) is called a weak solution of problem (1) if u > 0

loc
a.e.in {2 and for all T > 0, the integral equality

a
/ Mol//(O)dx+/ M—I/f —uVu ~V1//—(1+)/)|Vu|2wdxdt =0
RN RN %(0,7)
holds for any ¥ € CLI(@RYN x [0, T]) with compact support in RN x [0, T'.
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Let we > 0 be the classical solution of the problem

u,:uAu—y|Vu|2+eAu, (x,t) e 2 @)
u(x,0) =uox), x eRY

where y > 0. Then u, = w¢ + € > 0 is the classical solution of the problem
Uy = ulu — y|Vu|2, (x,1) € N2 3)
u(x,0) = up(x) +¢, xeRVN.

uc(x, t) is nonincreasing with respect to €; thus

M(X,[) ZGIEI%)MG(X,[)

is well defined in {2. It has been proved by Bertsh, Passo and Ughi in [2] that u is a weak solution of problem
(1). Because ug is bounded, using the maximum principle in problem (3), u. is bounded and {u}c_. 0o is uniformly
bounded.

Definition 1.2 (//]). The weak solution that we got above is called a viscosity solution of problem (1).

It turns out that weak solutions of problem (1) are not uniquely determined and there are solutions other than the
viscosity solution. In the case y = 0 this was shown by Ughi [4] and Passo [5]. For a general discussion of this
nonuniqueness phenomenon we refer the reader to Bertsh, Passo and Ughi’s paper [6].

Let u(x, t) be the viscosity solution of problem (1). It has been shown in [2] that

N =1, y>0=ucC®N)
1 -
vz N=ue c)nchlw)
N > 2, 0 <y < 1 = u is not necessarily continuous in £2.

In [3], Professors Lu and Qian had proved that y > V2N — 1 = u is Lipschitz continuous in x and Holder
continuous in ¢. Therefore, the regularity of the weak solution depends heavily on the relation between parameter y
and the space dimension N.

In this paper, we improve the parameter’s region from y > /2N —1toy > /N — I since /N — I < /2N — 1.
Also, we get the same result as in [3] but the regionis y > /N — 1.

2. Lemmas
To get our main result, we begin with a general form of problem (1), i.e.,

u; = a1uP Au+ aouPrw, w = %|Vu|2, (x,1) € 1 @
u(x,0) = uo(x), x RN
and firstly prove two lemmas for this problem.
Lemma 2.1. If a1 > 0, 2 = B1 — 1, there exists a constant s such that
20081 — 2000 — sy + 25(s + Doy + Nalﬂlz <0
and

1 s
IV, D<M

for a nonnegative constant M. Then the viscosity solution u of problem (4) satisfies |V(ul+%)| <Min 0.
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