Available online at www.sciencedirect.com

i i Nonlinear
ScienceDirect Rhalyss

ELSEVIER Nonlinear Analysis 68 (2008) 905-911

www.elsevier.com/locate/na

Infinite periodic solutions to a class of second-order Sturm—Liouville
neutral differential equations®

Xiao-Bao Shu®*, Yuan-Tong Xu®, Lihong Huang?

& Department of Mathematics, Hunan University, Changsha 410082, PR China
b Department of Mathematics, Zhongshan University, Guangzhou 510275, PR China

Received 9 May 2005; accepted 28 November 2006

Abstract

By means of variational structure and Z;-group index theory, we obtain infinite periodic solutions to a class second-order
Sturm-Liouville neutral delay equations

(pOx'(t —s1)) —qOx(t —s7) + f(t, x(1), x(t — ), x(t —27), ..., x(t —257)) = 0.
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1. Introduction

Recently, the existence and multiplicity of periodic solutions for second-order neutral differential equations have
received a good deal of attention (see [2—7]).

But, for the existence of periodic solutions of functional differential equations, one commonly uses the method
of fixed point theory, the coincidence degree theory, the Fourier analysis method etc; one rarely uses the means of
critical point theory. In [8] and [9], the authors obtained multiple periodic solutions for a class of retarded differential
equations by means of critical point theory and Z, group index theory. Nevertheless, we note that these results were
obtained by reducing retarded differential equations to related ordinary differential equations.

In [1], by using critical point theory and Z group index theory, unlike the literature [8,9], we obtained the sufficient
condition for there to exist infinite nontrivial 2y t-periodic solutions to the neutral differential equation (1.1) without
reducing it to an ordinary differential equation:

X't —st) 4+ fU,x@), x(t —1),x(t =21),...,x(t —257)) =0, 71 >0. (1.1
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In this paper, by using critical point theory and Z, group index theory, we obtain infinite periodic solutions to the
second-order Sturm-Liouville neutral delay equations

(p)x'(t —s1)) — q(O)x(t —st) + ft, x(t), x(t — 1), x(t —271), ..., x(t —257)) = 0. (1.2)
For the reader’s convenience, we recall some basic definitions.
Definition 1.1. Let E be a real Banach space, and f € C Y(E, R). A critical point of f is a point where f'(x) = 0.

A critical value of f is a number ¢ such that f(x) = c¢ for some critical points x. K is a critical set where
K=kxeE|f/xX)=0L,K.={xe€E| f/(x)=0, f(x) =c}. feisalevelsetif f. ={x € E;| f(x) <c}.

Definition 1.2. Let E be a real Banach space, and f € C!(E, R); we say that f satisfies the Palais—Smale condition
if every sequence {x,} C E such that { f (x,)} is bounded and f’(x,) — 0(n — o0) has a converging subsequence.

Definition 1.3. Let E be a real Banach space, and ' = {A | A C E \ {0} be a closed, symmetric set }. Define
y 1 X — ZT U {400} as follows:

min {n € Z : there exists an odd continuous map ¢ : A — R" \ {0}};
y(A) =40 IfA=0g;
400 If there is no odd continuous map ¢ : A — R" \ {6} foranyn € Z.

We say that “y is the genus of X' ™.
Lemma 1.4 (/10] ChangKung Ching). Let f € C'(X, R) be an even functional which satisfies the Palais—Smale
condition and f(0) = 0. If

(P1) there exist constants p > 0, a > 0 and a finite dimensional subspace E of X, such that f(x) |g1n s, = @ where
Sp={xeX: lxlx =pk R _ -
(P2) for all finite dimensional subspaces E of X, thereisanr =r(E) > 0, such that f(x) <0 forx € E \ B,.

Then, f possesses an unbounded sequence of critical values.

Lemma 1.5. Let E be a Hilbert space; if the weak convergence sequence {x,} C E (i.e., there exists xo such that
Xn — Xxo) satisfies || x, || = ||xoll(n — 00), then {x,} is convergent in E, i.e., x, — Xo.
Proof. By
2
X, — x0ll” = (xn — X0, Xn — X0)
2
= ”xl’l” - (x()? xi’l) - (xl’lﬂ xO) + ”xOH (n = 15 27 3’ .. )
and continuity of the inner product, it is easy to see that
: 2 2 2

lim [lx, — xolI” = llxoll” — 2(x0, x0) + llx0l* =0,

n—oo
that is to say x, — xo(n — 00).

In this paper, we use Lemma 1.4 to deal with multiple periodic solutions of the system (1.2).
Our basic assumptions is that:

(A1) f(tur,uz, ... uzeer) € C(REHD, R), and 2Lttt o2 0

(A) there exists a continuously differentiable function F (¢, uy, ua, ..., us, usy1) € C L(RSH2, R) such that
F;;SJrl(tv Ml, M2, ey MS, uS-l-l) + F":SJrl(t’ l/l2, M}, ceey MS+2) + e + FI,:XJFI(I? MS+1’ MS+21 ceey M25+1)
= ft,ur, uz, ..., uz541);
(A3) F(t + T, uy, Uz, "-7MS+1) = F(t9u17u25 '-"MS+1) fOI‘aHu],I/lz, ceey Ug,Usy] € R;
(As) p(t),q(1) € C0, T] are t-periodic functions and p(¢) > 0, g(t) > 0;
(As) F satisfies: F(t, —uy, —ua, ..., —ugy1) = F(t,uy,uz, ..., usy1), and

f@, —uy, —uz, ..., —usgr1) = —f(t, ur, uz, ..., uz1).
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