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Abstract

In this paper we study the following nonlinear boundary value problem

{—Apu = A1|u|p_2u +g(u) in {2,
ulyn =0.

An existence result is shown under some strong resonance conditions generalizing those of Tang and Landesman—Lazer.
© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

In this paper we study the existence of a solution for the following nonlinear boundary value problem

{—Apu=A1|u|p2u+g(u) in 2, (1.1)

ulan =0,

where 1 < p < +o0, 2 is a bounded and open set in RY and g:R — R is a continuous function. By A pU we
denote the p-Laplacian of u, i.e. Apu = div(|Vul|? ~1Vu). This problem was studied in more general form:

{—Apu = Alul?%u + gw) — h(x) in £2, (1.2)

ulpn =0,

by Tang [10] (with N = 1 and p = 2 — the semilinear case), Bouchala [3,4] (with N = 1) and Bouchala and
Drabek [5] (general case).

In this paper we prove the existence of a solution to problem (1.1) by imposing some generalization of the Tang
condition (cf. Tang [10]) so also those of Landesman and Lazer [7]. The method of the proof is motivated by the
papers of Arcoya and Orsina [2] and Bouchala and Drabek [5].
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First let us state our assumptions containing a generalization of the Tang condition. Together with the function g
we consider its primitive

¢
G(§)=/0 g(s)ds.

Let n: R — R be a function satisfying the following hypotheses:
H(n) n: R — R is a function such that

() ¢n(¢) > Oforall ¢ € R\ {0}
(i1) n(¢) — Fooas ¢ — =+oo.

For any such function 1, we define the function

pG() —¢g) .

— = if
EO=\" g0  ¢70

(p—1Dg if ¢ =0.

If n is continuous, then F;, is also continuous in R \ {0}. Its behaviour at { = 0 depends on 1. We also set

Fyl—oo = liminf F, (2), Fy |7 =limsup F,(¢),
{——00 —>—00

Fyl4o0 = liminf F, (¢), F, |7°° = limsup F, (¢).
{—>+o00 {—>+00

As for the function g we will consider one of the following two sets of assumptions:
H(g):

(i) g:R — R is continuous;
(i) Timyz|o oo lffT{)l =0
(iil) Fp 1™ <0 < Fyl4co-
H(g)2

(i) g:R — R is continuous;
(ii) 1imz|— 400 lffT{)l =0
(iii) Fyl-0o > 0> Fy [T2°.
Remark 1.1. First note that if hypothesis H(g) (iii) (respectively H(g)2(iii)) holds for some 7 satisfying hypotheses
H(n), then it also holds for any 7 satisfying hypotheses H(n) and such that

@< @] V¢ = <o,

with some ¢y > 0. In particular, if the hypothesis holds for the function 1(¢) = ¢, then it also holds for any function
7(¢) = ¢|¢|*~!, with any o € (0, 1]. Thus in the case when 2 = 0 in (1.2), our assumptions are more general than
those of Tang [10], Bouchala [3,4], Bouchala and Drabek [5].

Remark 1.2. Let us consider the following function:

1 In(1+2¢?
- — M for g‘ 2 T,
() = e et*lsing|
8 ap¢ +1 for0 < ¢ < m,
2eb — 1 for¢ <0
with ag = 1=F — w (the “middle” term defined on the interval [0, ] is just the linear function making the

function g continuous and it is not important in our considerations). One can check that taking

__|In¢ for¢ >e,
n(¢) = L‘ for¢ < e,
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