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Abstract

In this paper, we study the decomposition of the filtration of the Nehari manifold via the variation of
domain shape. Furthermore, we use this result to prove that the nonhomogeneous elliptic equations in an
m-bump domain have at least m + 1 positive solutions.
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1. Introduction

In this paper, we study the multiplicity and concentration of positive solutions of the following
equations:

—Au+u = ul”2u+ hx) in {2; Ep)
u € H) (), g
where 2 is a domain in RV,2 < p < %(N > 3),2 < p < oo(N = 2) and

h(x) e H™! (H\{0}, h(x) = 0. Here HOI(Q) denotes the usual Sobolev space. Associated with
Eq. (En), we consider the energy functional Jj, in the Sobolev space H(} (£2):

Tn(u) = %/Q<|Vu|2+u2)—%/ﬂ|u|p—/ghu.
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It is well known that the solutions of Eq. (E},) and the critical points of the energy functional Jj
in HO1 ({2) are the same (see [17, Proposition B.10.]).

That the existence of multiple positive solutions of Eq. (Ej) has been the focus of a great
deal of research in recent years. There has been some progress for the multiplicity of positive
solutions of Eq. (Ej) as follows: Zhu [22] for 2 = R¥, Hsu and Wang [9] for {2 an exterior strip
domain and Wang [21] for {2 an Exteban—Lions domain with holes. They used the concentration
compactness of Lions [16] to prove the Eq. (E;) has at least two positive solutions for ||| 72
sufficiently small and /(x) exponentially decaying.

Actually, Cao and Zhou [6], Jeanjean [10] and Adachi and Tanaka [1,2] got the same result
for the following general problems:

—Au+u=b)|ul”u+ h(x) inRY;
(Eb.n)

0<ueH'®RY,

where b(x) € C(RY) and b(x) — b>® > 0 as |x| — oo; in [6] and [10] for b(x) > b™ and
||| -1 sufficiently small; in Adachi and Tanaka [2] for b(x) > 5> — Ce~ ! for some C, 1 > 0
and ||| z—1 sufficiently small; moreover, in Adachi and Tanaka [1] for b(x) < 5> with strict
inequality on a set of positive measure, showing at Eq. (Ej ;) has at least four positive solutions
for ||h]| y-1 sufficiently small.

Note that our Eq. (E;) can be regarded as a perturbation problem for the following
homogeneous equation:

—Au+u=u’2uin 0,
{ ) (Eo)

u € Hy(Q).

There has been some progress for the existence of solutions of Eq. (Ep) in unbounded domains
as follows: Berestycki and Lions [5] for 2 = RY ., Chen and Wang [7] for {2 an interior flask
domain, Lien, Tzeng and Wang [15] for {2 a periodic domain, Del Pino and Felmer [11,12] for {2
a quasicylindrical domain and Wu [21] for {2 a multi-bump domain. They proved that Eq. (Ep)
in {2 has a ground state solution. It is well known that the ground state solutions of Eq. (Ep) in
{2 can be obtained via the Nehari minimization problem

ap(2) = inf  Jy(v), (1)
veMy(£2)

where Mo(£2) = {u € HOI(Q)\{O} | (J5(u), u) = 0}. Note that ag(£2) > 0 and if ug € Mp(£2)
achieves o ({2), then ug is a ground state solution of Eq. (Ep) in {2 (see [20] or [19]).

Moreover, when 2 = RV \w is an exterior domain, where w is a bounded domain. It is well
known that Eq. (Eo) in RV \w does not admit any ground state solution (see [4]). However,
Bahri and Lions [3] and Benci and Cerami [4] asserted that Eq. (Ep) in RN \w has a positive
higher energy solution. When {2 is an Esteban—Lions domain, Eq. (Ep) in {2 does not admit any
nontrivial solution (see [14]).

The main purpose of this paper is using the results of Wu [21] to prove that Eq. (Ej) in an
m-bump domain has at least m + 1 positive solutions. Before stating our main result, we review
some known results from [21]. Take k > 1 and assume the domains @1, ©», ..., 6 satisfy the
following conditions.

(1) ;N O; = A, is bounded forall i # j.
(©2) Thereisanm € {1,2, ..., k} such that

o;o(Ui.‘:1 6;) =ap(01) = =ag(Bn) < ap(O)) forall j=m+1,...,k.
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