
Nonlinear Analysis 64 (2006) 2442–2453
www.elsevier.com/locate/na

Existence and uniqueness of pseudo-almost periodic
solutions to some classes of semilinear differential

equations and applications

T. Diaganaa, C.M. Mahopa, G.M. N’Guérékatab,∗, B. Tonic
aDepartment of Mathematics, Howard University, 2441 6th Street N.W., Washington, DC 20059, USA

bDepartment of Mathematics, Morgan State University, 1700 E. Cold Spring Lane, Baltimore, MD 21251, USA
cDepartment of Mathematics and Computer Science, Virginia State University, Petersburg, VA 23225, USA

Received 8 May 2005; accepted 25 August 2005

Abstract

This paper is concerned with the existence and uniqueness of pseudo-almost periodic solutions to the class
of semilinear differential equations of the form

u′(t) + Au(t) = f (t, Bu(t)), (∗),

where −A is the infinitesimal generator of an analytic semigroup acting on a (complex) Banach space X,
B : D(B) ⊂ X �→ X is a densely defined closed linear operator, and f : R×X �→ X is a jointly continuous
function. Under some suitable assumptions on A, B, and f, the existence and uniqueness of a pseudo-almost
periodic solution to (∗) is obtained.
� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Let (X, ‖ · ‖) be a (complex) Banach space. In [8] it was shown that under some suitable
conditions there exists a unique pseudo-almost periodic solution to the abstract differential
equation

u′(t) + Au(t) = g(t, u(t)), t ∈ R, (1)

where −A is the infinitesimal generator of an analytic semigroup acting on X, and g : R×X �→ X

is a jointly continuous function.
In this paper we generalize the previous result [8] by studying the existence and uniqueness

of pseudo-almost periodic solutions to some classes of semilinear differential equations of the
form

u′(t) + Au(t) = f (t, Bu(t)), t ∈ R, (2)

where −A is the infinitesimal generator of an analytic semigroup acting on X, B : D(B) ⊂
X �→ X is a densely defined closed linear operator, and f : R × X �→ X is a jointly continuous
function.

Under some additional assumptions on A, B, and f, the existence and uniqueness of a pseudo-
almost periodic solution to (2) is obtained by combining both fractional powers of linear operators
and the classical Banach’s fixed-point principle.

To illustrate our main result (Theorem 3.4) we consider the existence and uniqueness of pseudo-
almost periodic solutions to two different types of partial differential equations corresponding to
the case where B is a bounded linear operator, and the case where B is seen as an unbounded linear
operator, respectively. For that, we suppose that the Banach space (X, ‖ · ‖)= (L2(R), ‖.‖2), and
consider the linear operators A, B defined by

D(A) = H2(R), Au(·) = −�u(·) = −u′′(·)
for each u(·) ∈ H2(R), and

D(B) = {u(·) ∈ L2(R) : q(·)u(·) ∈ L2(R)}, Bu(·) = q(·).u(·)
for each u(·) ∈ H1(R) where q(·) is a (Lebesgue) measurable function.

It is routine to check that the existence and uniqueness of pseudo-almost periodic solutions to
(2) is now equivalent to the existence and uniqueness of pseudo-almost periodic solutions to the
second-order partial differential equation of the form

�u

�t
(t, �) = �2u

��2 (t, �) + f (t, q(t, �)u(t, �)), t ∈ R, � ∈ R.

Now the unbounded case consists of choosing A as above and let B be the derivative operator
defined by

D(B) = H1(R), Bu(·) = u′(·)
for each u(·) ∈ H1(R).

In this event the corresponding partial differential equation to (2) is given by

�u

�t
(t, �) = �2u

��2 (t, �) + f

(
t,

�u

�x
(t, �)

)
, t ∈ R, � ∈ R.
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