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Abstract

Let K be a closed convex subset of a q-uniformly smooth separable Banach space, T : K → K a strictly
pseudocontractive mapping, and f : K → K an L-Lispschitzian strongly pseudocontractive mapping. For
any t ∈ (0, 1), let xt be the unique fixed point of tf + (1 − t)T . We prove that if T has a fixed point, then
{xt } converges to a fixed point of T as t approaches to 0.
� 2005 Elsevier Ltd. All rights reserved.
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Let E be a Banach space. E is said to be smooth if for any x ∈ E, there is a unique x∗ ∈ E∗
such that ‖x∗‖ = ‖x‖ and 〈x, x∗〉 = ‖x‖2. We shall denote x∗ by j (x). (In this article, we will
assume that all Banach spaces are smooth.) A Banach space E is said to be uniformly smooth if
‖x + y‖ + ‖x − y‖ − 2 = ◦(‖y‖) as ‖y‖ → 0. The function

�E(�) = sup{ 1
2 (‖x + y‖ + ‖x − y‖) − 1 : ‖x‖�1, ‖y‖��}
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is called the modulus of smooth of E. Let 2�q > 1. E is said to be q-uniformly smooth if there
exists a constant c > 0 such that �E(�)�c�q . It is known that

(1) for any 1 < p < ∞, Lp and �p are min{2, p}-uniformly smooth;
(2) every uniformly smooth space is smooth;
(3) if E is q-uniformly smooth [7], then there is a constant cq > 0 such that

‖x + y‖q �‖xq‖ + q‖x‖q−2〈y, j (x)〉 + cq‖y‖q for all x, y ∈ X.

Let X be a Banach space. The moduli of convexity of X is defined by

�(�) = inf{1 − 1
2‖x + y‖ : ‖x‖ = ‖y‖ = 1, ‖x − y‖ = �}.

A Banach space X is said to be p-uniformly convex, if there is a constant c > 0 such that �(�)�c�p

for all � < 1. Xu [7] proved that if X is p-uniformly convex, then there is a continuous strictly
increasing convex function R+ → R+ with g(0) = 0 such that

‖�x + (1 − �)y‖p ��‖x‖p + (1 − �)‖y‖p − (�p(1 − �) + �(1 − �)p)g(‖x − y‖)
for any � ∈ [0, 1] and any x, y in the unit ball of E.

Let E be a smooth Banach space and T be a mapping with domain D(T ) and range R(T )

in E. T is said to be strongly pseudocontractive if for any x, y ∈ D(T ),

〈Tx − Ty, j (x − y)〉��‖x − y‖2 for some 0 < � < 1.

T is said to be strictly pseudocontractive (in the terminology of Browder–Petryshyn) [1] if there
is � > 0 such that for any x, y ∈ D(T ),

〈Tx − Ty, j (x − y)〉�‖x − y‖2 − �‖x − y − (Tx − Ty)‖2. (1)

If I denotes the identity operator, then (1) implies that for any strictly pseudocontractive mapping
T ,

‖(I − T )x − (I − T )y‖ · ‖x − y‖
�〈(I − T )x − (I − T )y, j (x − y)〉��‖(I − T )x − (I − T )y‖2,

and

‖x − y‖��‖(I − T )x − (I − T )y‖��‖Tx − Ty‖ − �‖x − y‖. (2)

We have proved that every strictly pseudocontractive mapping T is a Lispschitzian mapping with
the Lispschitz constant L = (� + 1)/� [5]. The following theorem shows that the fixed point set
of any self strictly pseudocontractive map on a smooth space is convex.

Theorem 1. Let K be a nonempty closed convex subset of a smooth Banach space E and let
T : K → K be a strictly pseudocontractive map. Then the fixed point set F(T ) is a closed convex
subset of E.
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