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Due to ubiquitous access of personal communication services multiple communication through mul-
tihops are needed for exchange of data between source and destination across the wireless network.
Recently cascade fading models have gained significance as they can model multihop relay fading chan-
nels. Generalized Gamma (GG) model being a versatile, flexible and multiparameter model has been
selected here as it can generalizes commonly used fading models such as Weibull, Nakagami-m etc.
Exact closed expressions of Probability Density Function (PDF) and Cumulative Distribution Function
(CDF) are obtained here for the product of multiple GG random variables (RVs). Based on the derived
expressions performance analysis of multihop links has been done here in terms of coefficient of varia-
tion (CV), amount of fading (AF) and Spectral efficiency and outage probability. Despite of the exact form,

the expressions obtained here are in closed form, tractable and easy to evaluate.

© 2015 Elsevier GmbH. All rights reserved.

1. Introduction

Wireless is the fastest growing area in the field of communi-
cation. Radio signals propagation through wireless channels is a
complicated phenomenon characterized by various effects includ-
ing path loss, multipath fading and shadowing. Except path loss
which is distant dependent the other two parameters can be sta-
tistically described by various fading models. Depending upon the
radio propagation environment and communication scenarios var-
ious multipath fading models are available in literature [1]. As the
expectations for the performance and reliability of wireless systems
have increased, the importance of accurate and simplified channel
modeling in system design, evaluation has also increased. Along
with the complexity of the channel model comes the complexity of
the analytical solution that helps to assess the performance. A ver-
satile wireless channel model which can generate other models for
multipath fading and shadowing is three parameters multihop gen-
eralized gamma model. Various methods are available in literature
for evaluating the PDF and CDF of product of independent random
variables. In [2] the expressions for the product of Nakagami-m
were obtained in terms of Fox H function. In [3,4] PDF of gen-
eralized k channel and Weibull distribution was evaluated using
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inverse Laplace transforms. In [5] expressions for moment gener-
ating function (MGF) of generalized gamma were computed using
Fox’s H function. In [6] PDF, CDF of generalized gamma are evalu-
ated by applying inverse Laplace transformation to MGF. Hence the
previous derivation of expression of PDF involves inverse Laplace
transformation of MGF. Also solutions of expressions in terms of
Fox’s H function are complex as it involves intricate algorithms
in evaluation and even it is not guaranteed that it will give sta-
ble results. Considering the demerits of the above methods an
alternative and efficient method i.e. Mellin Transformation (MT)
method has been used to provide simplified and unified perfor-
mance analysis for generalized gamma channels. The MT method
translates exponentials to polynomials so that the product convo-
lution property can be applied for evaluating the expressions for
the PDF and CDF of product of independent random variables. The
results are obtained in Meijer-G function form as this function is
easily available in many scientific software packages such as Maple
and Mathematica. This method has also been used in recent past.
The expressions for PDF of Gaussian, Rayleigh and other distribu-
tion were obtained in [7]. In [8] PDF, MGF and CV of heterogeneous
Nakagami-Weibull distribution was derived and in [9] moments
and PDF of multiple Rayleigh variates were computed. However an
attempt has also been made in [7] to compute the PDF and CDF of
generalized gamma but approximate expressions were obtained.
Considering the importance of exact form of expressions, Mellin
transformation (MT) has been incorporated here for the derivation
of closed form expressions of PDF and CDF of product of multiple
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Fig. 1. Propagation through multihop relays.

generalized gamma random variables. The expressions obtained
here are in closed form, tractable and easy to evaluate, unlike
the earlier intricate expressions obtained using inverse Laplace
approach based on MGF.

Further, important performance measures like coefficient of
variation (CV), amount of fading (AF), spectral efficiency and outage
probability are also derived here. These measures quantify the pos-
sible variations in channel gain and SNR from their average values
and hence can be used to characterize the receiver performance.

The rest of the paper is organized as follows: Section 2 presents
system and channel model, exact closed form expressions of PDF
and CDF of product of N generalized gamma model are obtained
in Section 3. Performance metrics like CV, AF, spectral efficiency,
outage probability are evaluated in Section 4, before the paper is
finally concluded in Section 5.

2. System and channel model

The signal leaving the transmitter reaches the receiver after
multiple scattering. The most suitable way to model the realis-
tic fading conditions when multiple scattering exists is through
cascaded approach. The practical applications of cascade fading
models include modeling of wireless signal propagating through
multihop relay terminals and keyholes where the communication
channel can be described as product of independent random vari-
ables. In multihop system several low power relay stations (nodes)
are deployed between the source and receiver destination extend-
ing the range of wireless network.

Considering multihop wireless transmission (as shown in Fig. 1)
which operates over independent but not necessarily identically
distributed (n.i.d.) generalized gamma fading channels in the
presence of AWGN (Additive White Gaussian Noise). Define the dis-
tribution of Y as product of N> 1 independent but n.i.d. GG random
variables X;, 1 <i<N.

where PDF of each RV X; is given as ([10], Eq. (1))

my2mv—1 2v
i) = 2 exp (—’”;; ) (1)

where v>0 and m > 1/2 are two shaping parameters (same for all
RV’s), £2; is fading parameter and /7(.) is the gamma function.
The received channel at the destination is given as ([5], Eq. (4))

N N N
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with Ag = 1. The instantaneous SNR at the destination terminal can
be represented as ([5], Eq. (5)).
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where A; is amplification factor for ith relay and X; denotes the
fading coefficient and ng; denotes the additive noise at ith relay.

3. Closed form expressions for PDF and CDF for product
In this section PDF and CDF have been derived for the product

of N generalized gamma variates using Mellin transform approach.
The Mellin transform of PDF fx(x) is defined as ([11], Eq. (8.2.5))

wx(fx(X)J):E(Xs_]):/ Fx)xs—1dx
0

where s e C is complex transform variable, E(.) is the expectation
operator.
Using (1) the Mellin transform for fx(x) becomes
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Using product convolution property of Mellin transforms, the
Mellin transformation for PDF of product of N generalized gamma
variates is:
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The rth order moment of the product is evaluated by replacing
s—1byrin(2)
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The PDF of product is given by inverse Mellin transforms as ([11],
Eq (8.2.6))
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Substituting (s — 1)/2v = s’ the expression (4) reduces to
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Considering Meijer-G function of the form
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