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a  b  s  t  r  a  c  t

Path  smoothing  is an  efficient  method  to  improve  the tracking  performance  of  a  cruise  missile  during
the  process  of  path  planning.  In  this  paper,  a  new  cruise  missile  path  tracking  method  based  on second-
order  smoothing  is presented.  First,  the  path  of  a  cruise  missile  smoothing  method  is proposed  to  generate
flyable  path  with  continuous  curvature  in  terms  of the  symmetrical  polar  polynomial  curve. Second,  with
the presented  conception  of  virtual  missile,  we  design  an  optimal  controller  to track  the  path  generated
from  the  symmetrical  polar  polynomial  curve.  Finally,  numerical  example  is also  provided  to  illustrate
the  effectiveness  of  the  proposed  method.  It is  shown  that  the  proposed  method  is not  only  effective  but
also  meeting  the  restriction  of  turning  radius  of  the  missile  and  precision  tracking.

© 2016  Elsevier  GmbH.  All  rights  reserved.

1. Introduction

Path planning is an efficient method for cruise missile to avoid
threats and enhance its penetration probability [1]. In recent
years, path planning algorithms have received a great amount of
attention. According to different search methods, present path
planning algorithms can be divided into two  categories i.e.,
certainty search method and randomization search method. Cer-
tainty search method mainly includes dynamic programming and
A*search method, while randomization search method consists of
evolutionary algorithm, ant colony algorithm and particle swarm
optimization algorithm. A*search method was proposed by Hart
[2], which can decline difficulty of path searching. Dynamic pro-
gramming method gained much attention in recent years due to it
can obtain global optimization results. Hasircioglu [3] presented a
path planning method based on Evolutionary algorithm in which
B-spline was used to imitate UAV’s flying path. Ant colony algo-
rithm was proposed by Colorni [4] which used Distributed parallel
computation mechanism with strong robustness; but it’s easy to
get local optimal results and has a long convergent time. Particle
swarm optimization algorithm was first proposed by Kennedy [5]
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and Eberthart [6], whose model is concise and convergence speed
is very quick but with low convergence precision and efficiency.

The optimal path obtained from the above algorithms is a series
of waypoints in 3-D space, which are connected directly by line,
so the initial path generated from these algorithms is broken
line path [7]. However, cruise missile cannot follow such broken
line path precisely because of the restrictions of dynamic perfor-
mance and kinematics characteristics, it is essential to smooth
the path. The objective of path smoothing is to generate a path
whose curvature radius is greater than the minimum turning radius
of the missile at every point; meanwhile, the path must meet
the condition of curvature continuity, i.e. the first and second
order smoothing. Since then, path smoothing method includes
Dubins curve, spline curve and polynomial curve. In 1957, Dubins
presented the Dubins curve [8], which can meet the restric-
tion of maximum curvature, but its curvature is discontinuous at
the connection points and it can only meet first-order smooth-
ing, furthermore, the difficulty of path tracking was  increased
which leads to a big tracking error [9–11]. The path based on
ordinary polynomial curve is longer than Dubins curve since it
ignores the restriction of mobility performance of the missile. In
contrast to methods introduced above, a method based on sym-
metrical polar polynomial curve is presented in this paper whose
curvature is continuous and it can meet path second-order smooth-
ing.

To overcome the above problem, new cruise missile path track-
ing method based on second-order smoothing is presented.
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Fig. 1. Symmetrical polar polynomial curve.

This paper is organized as follows. The method of a second-order
smoothing path based on symmetrical polar polynomial curve is
proposed in Section 2. In Section 3, first, the linearization model of
the missile is built based on the method of feedback linearization;
second, a path tracking problem is transformed into a problem of
tracking and controlling for a virtual missile whose concept is pre-
sented; finally an optimal controller of path tracking is designed.
Simulation examples are shown in Section 4 to prove the effective-
ness and periority of the proposed method. Section 5 concludes this
paper.

2. Path-smoothing based on symmetrical polar polynomial
curve

In this paper, a smooth path which can be tracked precisely
is generated by bringing symmetrical polar polynomial curve into
path smoothing process of cruise missile.

2.1. Symmetrical polar polynomial curve

A symmetrical polar polynomial curve on the plane is shown in
Fig. 1, where O is a pole; OA is a polar axis; (r, �) represents polar
coordinates; R is the polar diameter length of the curve; and  ̊ is
the angle between the two polar diameters. So the equation of the
curve [12] in Fig. 1 is as follows
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From formula (1) we know that r(�) = r(  ̊ − �), the direction
angle  ̨ and the tangent curvature � at point (r,  �), respectively,
are as following
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the first and second order derivatives of r are as follows
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According to formula (3), both � (0) and � (˚) are  equal to zero by
plugging � = 0 and � =  ̊ into formulas (1), (4) and (5). So the curve
meets the condition of curvature continuity when it is connected
with line. Meanwhile, �′(�) can be obtained by taking derivatives
of formula (3)
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Fig. 2. Initial path.

Fig. 3. Path switch principle.
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Fig. 4. Path smoothing principle.

where r′′′ can be obtained by taking derivatives of r′′
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According to the extreme value theory and symmetrical char-
acteristic of the curve, we know that when � = ˚/2, the curvature
� gets the maximum value of
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2.2. The smoothing method of three-dimensional path

The initial path obtained from path planning algorithms is a
series of path points in three-dimensional space. For the initial path
{S, P1, P2, . . .,  Pn, E}, where S is the start point, E is the target point,
Pi (xi, yi), i = 1, 2, . . .,  n is the ith path point of the cruise missile. The
initial path is shown in Fig. 2.

When the missile flies along with the initial path, it needs to
switch from one section to another. Path switch principles can be
divided into two types, i.e. Turning after the point and Turning
before the point, which is shown in Fig. 3.

Second-order smoothing method based on Turning before the
points is to substitute partial sections of the initial path with poly-
nomial curve, which can meet the condition of being tangent with
the initial path. Path smoothing principle is shown in Fig. 4.

Therefore, both 2-D and 3-D path-smoothing problems can be
concluded to solve the equation of polynomial curve on the plane,
namely, to figure out the value of parameters R and  ̊ at the con-
dition of minimum turning radius rmin.

As is shown in Fig. 5, PiPi+1, Pi+1Pi+2 are sections of the initial path,
the coordinates of Pi, Pi+1 and Pi+2 in inertial coordinates, respec-
tively, are (xi, yi, zi), (xi+1, yi+1, zi+1) and (xi+2, yi+2, zi+2).  The plane
constituted by PiPi+1 and Pi+1Pi+2 can be defined as the moving
plane, the unit normal vector bp of the plane is

bp = → Pi+1Pi+2 × → PiPi+1∥∥→ Pi+1Pi+2 × → PiPi+1

∥∥ (9)
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