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In  this  paper,  we have  presented  a  quantum  theory  to study  one-dimensional  photonic  crystals,  and
give  the  quantum  transform  matrix  and  quantum  transmissivity.  We  calculate  the  quantum  transmis-
sivity  with  defect  layer,  which  include  absorbing  medium  and  active  medium,  and  obtain  some  valuable
results.  The  quantum  approach  can  be  used  to  study  two-dimensional  and  three-dimensional  photonic
crystals.
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1. Introduction

In 1987, E. Yablonovitch and S. John had pointed out that
the behavior of photons can be changed when propagating in
the material with periodical dielectric constant, and termed
such material Photonic Crystal [1,2]. Photonic crystal important
characteristics are: Photon Band Gap, defect states, Light Local-
ization and so on. These characteristics make it able to control
photons, so it may  be used to manufacture some high perfor-
mance devices which have completely new principles or can
not be manufactured before, such as high-efficiency semicon-
ductor lasers, right emitting diodes, wave guides, optical filters,
high-Q resonators, antennas, frequency-selective surface, optical
wave guides and sharp bends [3,4], WDM-devices [5,6], splitters
and combiners [7,8]. optical limiters and amplifiers [9,10]. The
research on photonic crystals will promote its application and
development on integrated photoelectron devices and optical com-
munication. To investigate the structure and characteristics of
band gap, there are many methods to analyze Photonic crystals

∗ Corresponding author. Tel.: +86 15694341816.
E-mail addresses: wuxy2066@163.com (X.-Y. Wu), 1187379733@qq.com

(J. Ma), chenwwjj@126.com (W.-J. Chen), 425936106@qq.com (Y.-H. Wu).

including the plane-wave expansion method [11], Greens func-
tion method, finite-difference time-domain method [12–14] and
transfer matrix method [15–17]. All of methods are come from
classical Maxwell equations. In this paper, We  should study the
1D Photonic crystals by the quantum wave equations of photon
[18,19], and give quantum transmissivity. In numerical calcula-
tion, we calculate the quantum transmissivity with and without
defect layer, which include absorbing medium and active medium,
and obtain some valuable results. The quantum approach can be
used to study two-dimensional and three-dimensional photonic
crystals.

2. The quantum wave equation and probability current
density of photon

The quantum wave equations of free and non-free photon have
been obtained in Refs. [18,19], they are

i�
∂
∂t

� (�r, t) = c�∇ × � (�r, t), (1)

and

i�
∂
∂t

� (�r, t) = c�∇ × � (�r, t) + V � (�r, t), (2)
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Fig. 1. The structure of one-dimensional photonic crystals.

where � (�r, t) is the vector wave function of photon, and V is the
potential energy of photon in medium. In the medium of refractive
index n, the photon’s potential energy V is [18,19]

V = �ω(1 − n). (3)

By Eq. (2), we obtain

∂�
∂t

+ ∇ · J = 0, (4)

where

� = � ∗ · � , (5)

and

J = ic � × � ∗, (6)

are the probability density and probability current density, respec-
tively. By the method of separation variable

� (�r, t) = � (�r)f (t), (7)

the time-dependent Eq. (2) becomes the time-independent equa-
tion

c�∇ × � (�r) + V � (�r) = E � (�r), (8)

where E and V are the energy and potential energy of photon in
medium, respectively.

3. The quantum transmissivity

We  consider the photon travels along with the x axis in one-
dimensional Photonic crystals, which is shown in Fig. 1. The wave
vector ky = kz = 0 and kx /= 0. Since the photon wave is transverse
wave, we have⎧⎪⎨
⎪⎩
 x = 0

 y =  0yei(kx−ωt)

 z =  0zei(kx−ωt)

, (9)

where k = ω
c n is the wave vector of photon in medium. Substituting

Eq. (9) into Eq. (8), we get⎧⎨
⎩

−ik z = ω

c
n y = k y

ik y = ω

c
n z = k z

, (10)

their solution are

 y =  0ye
i ωc nx =  0ye

ikx (11)

and

 z =  0ze
ikx = i y = i 0ye

ikx (12)

the total wave function of photon in medium is

�  =  y�j +  z �k =  0ye
ikx�j +  0ze

ikx�k. (13)

the total wave function of photon in vacuum is

�  =  y�j +  z �k =  0ye
iKx�j +  0ze

iKx�k. (14)

where K = ω
c is the wave vector of photon in vacuum.

Fig. 2. The quantum structure of one-dimensional photonic crystals.

For one-dimensional Photonic crystals, we should define and
calculate its quantum transmissivity and quantum reflectivity. The
one-dimensional photonic crystals structure is shown in Fig. 1.

In Fig. 1, � I , � R, � D are the wave functions of incident, reflection
and transmission photon, respectively, they can be written as

� I = Fye
i(�k · �r−ωt)�j + Fze

i(�k · �r−ωt)�k, (15)

� R = F ′
ye
i(�k · �r−ωt)�j + F ′

ze
i(�k · �r−ωt)�k, (16)

� D = Dye
i(�k · �r−ωt)�j + Dze

i(�k · �r−ωt)�k, (17)

where Fy, Fz, F ′
y, F ′

z , Dy, and Dz are incident, reflection and trans-
mission amplitudes of y and z components.

By Eq. (13), the probability current density can be written as

J = ic �  × � ∗ = 2c| z |2�i = 2c| 0z |2�i, (18)

where  0z is the amplitude of  z =  0zei(
�k · �r−ωt).

For the incident, reflection and transmission photon, their prob-
ability current density JI, JR, JT are

JI = 2c|Fz |2, JR = 2c|F ′
z |2, JT = 2c|Dz |2, (19)

We can define quantum transmissivity T is

T = JT
JI

=
∣∣∣Dz
Fz

∣∣∣2, (20)

By the amplitudes of z component Fz and Dz, we  can calculate the
quantum transmissivity.

4. The photon wave function and quantum transform
matrix in one-dimensional photonic crystals

In Fig. 2, we  give the simplification form of wave function in
every medium, such as symbols A1

kA
and A1

−kA express simplifying
wave function of medium A in the first period, it express wave
function

 1
A(x) = A1

kA
eikAx + A1

−kAe
ikAa+ikA(a−x), (21)

in medium B of first period, the symbols B1
kB

and B1
−kB express wave

function

 1
B(x) = B1

kB
eikAa+ikB(x−a) + B1

−kBe
ikAa+ikBb+ikB(a+b−x), (22)

similarly, in medium A of Nth period, the symbols AN
kA

and AN−kA
express wave function

 NA (x) = ANkA
eikA(N−1)a+ikB(N−1)b+ikA(x−(N−1)a−(N−1)b)

+ AN−kAe
ikANa+ikB(N−1)b+ikA(Na+(N−1)b−x), (23)

in medium B of Nth period, the symbols BN
kB

and BN−kB express wave
function

 NB (x) = BNkB
eikANa+ikB(N−1)b+ikB(x−Na−(N−1)b)

+ BN−kBe
ikANa+ikBNb+ikB(Na+Nb−x). (24)

In the incident area, the total wave function  tot(x) is the super-
position of incident and reflection wave function, it is

 tot(x) =  I(x) +  R(x) = FeiKx + F ′e−iKx, (25)
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