
Optik 125 (2014) 1202– 1208

Contents lists available at ScienceDirect

Optik

j o ur nal hom epage: www.elsev ier .de / i j leo

Consensus  of  leader-followers  system  of  multi-missile  with
time-delays  and  switching  topologies

Xuejiao  Sun ∗,  Rui  Zhou,  Delong  Hou,  Jiang  Wu
School of Automation Science and Electrical Engineering, Beijing University of Aeronautics and Astronautics, Beijing 100191, PR China

a  r  t  i  c  l  e  i  n  f  o

Article history:
Received 1 April 2013
Accepted 31 July 2013

Keywords:
Consensus
Multi-missile system
Time-delays
Switching topologies
Common Lyapunov function

a  b  s  t  r  a  c  t

The  consensus  problem  in  directed  networks  with  arbitrary  finite  time-varying  communication  delays
under  both  fixed  topology  and  switching  topologies  is investigated  in  this  article.  The  dynamics  of  each
missile  in  this  leader-followers  system  is  with  linear  form.  Feedback  linearization  is  used  here  to  attain
linear  guidance  law  for  each  missile,  which  is the  base  law  for cooperative.  Based  on  graph  theory,  the
consensus  problem  can  be converted  to the  stability  of  corresponding  error  system.  Then  Lyapunov
function  method  is used  to analyze  the  stability  of the  error  system.  Consensus  of  networks  with  time-
delays under  switching  topologies  is  proved  using  common  Lyapunov  function  method.  Simulations
indicate  the  excellent  performances  of the algorithms  in terms  of accuracy  and  efficiency.

© 2013 Elsevier GmbH. All rights reserved.

1. Introduction

In recent years salvo attack of multiple missiles has been an
effective measure to improve the performance [1,2]. Although
each individual missile has limited processing power, the inter-
connected system as a whole can perform complex tasks in a
coordinated fashion. Comparing with conventional control sys-
tems, multi-missile systems have many advantages such as
reducing cost, improving system efficiency, flexibility, reliability,
and providing new capability [3].

The systems in networked communications are considered as
agents forming a network and information is exchanged between
these agents through the network. Each agent only gets information
from a set of neighbors.

There are two types of consensus protocols with time-delays.
One is symmetric structure, which affects both the information of
each agent and its neighbors [4–7]. The other one is the delays only
affect the information of neighbors of one agent, which called as
asymmetric structure [8–11]. Latest research results of consensus
problems with time-delays can be found in [16,18–20].

The consensus of a group of agents with a leader, where the
leader’s dynamic is independent of the others, is now researched
to realize the convergence of the whole network to a specific
trajectory. Such a problem is commonly called leader-followers
consensus problem. Reference [17] study two types of leaders,
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knowledge leader and power leader, each has own different
function. The leader-followers consensus problem of a group of
second-order dynamic agents with multiple time-varying delays
as well as fixed and switching topologies is considered in [12].
A multi-agent system with a varying-velocity leader and time-
varying delays is studied in [13]. Most of the leader-followers
system is double integrator system. Reference [14] analyze a class
of neutrally stable system, carrying out a state transformation on
the model of the agents to proceed with the design.

This thesis first introduces a new kind of guidance law based
on feedback linearization, which turns complex guidance problem
to a very simple form. Based on the closed guidance system, an
important problem for multi-missile system is to design simple
control law for each agent, using local information from its neigh-
bors or the leader if there exists one. In this paper, we  consider the
leader-followers consensus problem, where the dynamics of each
agent is the linear guidance law we design in the context. Achieving
consensus under fixed interaction topology with no time-delays is
relatively easy. However, communication time-delays in networks
maybe have a serious impact on finishing coordinated attacking
task. We  study consensus problems with fixed time-delays by
transforming the stability problem to the problem of solving linear
matrix inequalities. The network topology may  change because of
the limitation of communication distance. The consensus problem
under switching topologies is also considered in this paper.

2. Problem formulation and preliminaries

We  use graph theory to describe the information exchange
between follower-follower and the follower–leader. The
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interaction topology of information exchange between followers
is described by graph G = (V, E, A), where V = {vi : i = 1, 2, ..., N} is
the set of N followers, and E ⊂ V × V is the set of edges of the graph.
An edge of G is denoted by (i,j), representing that agents i and j
can exchange information between them. Two  nodes i and j are
neighbors to each other if (i, j) ∈ E. The set of neighbors of node i is
denoted by Ni = {j ∈ V : (j, i) ∈ E, j /= i}. The leader is represented by
vertex 0 and information is exchanged between the leader and the
followers that are in the neighbors of the leader. Then, we  have a
graph Ḡ, which consists of graph G, vertex 0 and edges between
the leader 0 and its neighbors.

The adjacency matrix A of a graph G on vertex {1, . . . N} is a N × N
matrix, whose (i, j)th entry is 1 if (i,j) is an edge of G and 0 if it is not.
The degree matrix D of G is a diagonal matrix whose ith diagonal
element is Ni =

∑N
j=1aij . The Laplacian matrix of G is defined to be

L = [lij] ∈ RN×N such that L = − A + D.
Consider a multi-missile system consisting of N followers and a

leader. The dynamics of each follower is:

xi = Axi + Bui (1)

where xi ∈ Rn is the state of the ith missile, and ui ∈ Rm is the coor-
dinate input of the ith missile which can only use local information
from its neighbor followers or the leader. The matrix B is of full
column rank. The leader, labeled as i = 0, has linear dynamics as

ẋ0 = Ax0 (2)

where x0 ∈ Rn is the state of the leader. Obviously, the leader’s
dynamics is independent of others.

In this paper, we consider the problem of designing ui, i = 1, 2, . . .,
N to make all N agents to follow the leader. We  give the following
definition to explain this.

Definition 1. The leader-followers consensus of system (1)–(2) is
said to be achieved if, for each agent i ∈ {1, . . .,  N}, there is a local
state feedback controller ui of {xj : j ∈ Ni} such that the closed-loop
system satisfies:

lim
t→∞

∥∥xi(t) − x0(t)
∥∥ = 0, i = 1, . . .N (3)

for any initial condition xi(0), i = 0, 1, . . . N.
The following assumption is used throughout the paper.

Assumption 1. The pair (A,B) is stabilizable.

The following lemmas play an important role in the proof of the
main results.

Lemma  1. (Schur complement, Boyd et al. [15]). Let M, P, Q be given
matrices, and Q > 0. Then[

P M

MT −Q

]
< 0 ⇔ P + MQ−1MT < 0. (4)

3. Guidance law

The principle of cooperative guidance in heterogeneous multi-
missile network with local communication is shown in Fig. 1.

Fig. 1. Principle of cooperative guidance in heterogeneous multi-missile network
with local communication.

Fig. 2. Relative motion of leader-followers and target.

Adjacent communication in line-of-sight is used between two  mis-
siles. The leader whose dynamics is independent flights along the
given guidance law.

The guidance problem can be formulated as a tracking problem
for a time-varying nonlinear system. Fig. 2 is the relative motion of
leader-followers and target.

We  can get the guidance relationship of the leader and the target.

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

ṙ0 = −V0 cos �0

r0q̇0 = V0 sin �0

q0 = �0 + �0

�̇0 = a0

V0

(5)

where V0 and a0 are, respectively, the speed and acceleration of
the leader. Other symbols’ meaning can be seen from Fig. 2. Choose
x0 = [r0 �0]T and the equation above is simplified as:⎧⎨
⎩

ṙ0 = −V0 cos �0

�̇0 = V0 sin �0

r0
− a0

V0

(6)

Assume there are n followers in this system, each of which can
be depicted as:⎧⎨
⎩

ṙi = −Vi cos �i

�̇i = Vi sin �i

ri
− ai

Vi

i = 1, 2, . . .,  n (7)

Based on the method of feedback linearization for nonlinear
system, define the following transformation:{

zi1 = ri

zi2 = −Vi cos �i

(8)

Then the Eq. (7) can be transformed into:⎧⎨
⎩

żi1 = ṙi

żi2 = V2
i

sin2 �i

ri
− ui sin �i

(9)

Define zi = [zi1 zi2]T and we  can get:

żi = Fzi + W�i[ui − ˛i] (10)

where

F =
[

0 1

0 0

]
, W =

[
0

1

]
, C =

[
1 0

]
.
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