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Abstract

It is shown that in a closed equispaced three-level ladder system, by controlling the relative phase of two applied
coherent fields, the conversion from absorption with inversion to lasing without inversion (LWI) can be realized; a
large index of the refraction with zero absorption can be gotten; considerable increasing of the spectrum region and
value of the LWI gain can be achieved. Our study also reveals that the incoherent pumping will produce a remarkable
effect on the phase-dependent properties of the system. Modifying value of the incoherent pumping can change the
property of the system from absorption to amplification and enhance significantly LWI gain. If the incoherent
pumping is absent, we cannot get any gain for any value of the relative phase.
r 2007 Elsevier GmbH. All rights reserved.
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1. Introduction

A kind of coherence can be created by interference of
spontaneous emission (usually called as spontaneously
generated coherence (SGC)) of either two close lying
atomic levels to a common atomic level (V-type
atom)[1,2] or by a single excited level to two close lying
atomic levels (L-type atom) [3]. In a ladder type system,
it can also be created in the nearly spaced atomic levels
case [4]. Recently there have been considerable interests
in studying the SGC [5–18]; moreover, it has been shown
that atomic systems with SGC are sensitive to the
relative phase of the applied fields [19–30]. Very recently,

Refs. [12,15,16] have investigated effects of SGC on
population inversion, optical bistability and lasing
without inversion (LWI) in a closed equispaced three-
level ladder system with coherent weak probe and strong
driving fields, respectively. In this paper, we study effects
of the relative phase between the probe and driving
fields on the absorption and dispersion properties in this
system and modulation role of incoherent pumping on
the phase-dependent properties.

2. Model and equations

The closed equispaced three-level ladder atomic
system considered here is shown in Fig. 1. The transition
1j i ! 2j i is coupled by a weak probe field of frequency
oa with Rabi frequency g ¼ m

*
12 � �

*
a=_ while the
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transition 2j i ! 3j i is coupled by a strong driving field
of frequency ob with Rabi frequency G ¼ m

*
23 � �

*
b=_.

The level 2j ið 3j iÞ spontaneously decays to the level
1j ið 2j iÞ at the rate 2g1 (2g2). An incoherent pump with a
pumping rate 2R is applied between levels 1j i and 3j i. In
such a case, the density-matrix motion equations in a
rotating frame can be written as

_r11 ¼ �2Rr11 þ 2g1r22 þ ig�r21 � igr12, (1a)

_r22 ¼ 2g2r33 � 2g1r22 � ig�r21
þ igr12 � iGr23 þ iG�r32, ð1bÞ

_r33 ¼ 2Rr11 � 2g2r33 þ iGr23 � iG�r32, (1c)

_r23 ¼ �ðg1 þ g2 þ iD2Þr23 þ iG�ðr33 � r22Þ þ igr13,
(1d)

_r12 ¼ �ðRþ g1 þ iD1Þr12 þ ig�ðr22 � r11Þ

� iGr13 þ 2p
ffiffiffiffiffiffiffiffiffi
g1g2
p

Zr23, ð1eÞ

_r13 ¼ �½g2 þ Rþ iðD1 þ D2Þ�r13 � iG�r12 þ ig�r23 (1f)

constrained by r11+r22+r33 ¼ 1 and r*mn ¼ rnm.
Where, rii is the atomic population of state ij i, and rij

is the atomic polarization between states ij i and j
�� �;

D1 ¼ o21�oa and D2 ¼ o32�ob denote the frequency
detuning of the probe and the driving fields, respectively.
Here in the case of nearly equispaced levels, the
inclusion of two coupling fields of different frequencies
would lead to the optical Bloch equation with additional
term 2p

ffiffiffiffiffiffiffiffiffi
g1g2
p

Zr23, which presents the effect of SGC.

Where p ¼ ~m12 � m
*
23= ~m12
�� �� m

*
23

���
��� ¼ con y, y is the angle

between the two induced dipole moments m
*
12 and m

*
23.

Using the restriction that each of the linearly polarized
field should only couple one of the optical transitions,
we can find that the Rabi frequencies are connected to
the parameter p by the relation G ¼ G0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� p2

p
¼

G0sin y and g ¼ g0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� p2

p
¼ g0sin y, G0 and g0 are the

Rabi frequencies at the situation of no SGC. It is
obvious that when Z ¼ 1, the effect of SGC presents, the

strength of SGC will vary with y; otherwise Z ¼ 0, the
effect of SGC is absent. Due to SGC, the properties of
the system depend not only on amplitudes and detun-
ings but also phase of the probe and driving fields, thus
we have to treat Rabi frequencies as complex para-
meters. Let fp and fc denote the phases of the probe
and driving fields, respectively, then we have
g ¼ gpexp(ifp) and G ¼ Gcexp(ifc) (gp and Gc are real
parameters) and the relative phase between the probe
and the driving fields is F ¼ fp�fc. Let ~rii ¼ rii,
~r12 ¼ r12exp ðifpÞ, ~r23 ¼ r23 exp ðifcÞ, ~r13 ¼ r13exp ðifÞ
and f ¼ fc þ fp, we can get equations for ~rijði; j ¼
1; 2; 3Þ which are found to be identical to Eq. (1) except
that Z is replaced by ZF ¼ ZexpðiFÞ. The steady-state
solutions can be found by setting the time derivatives to
zero and reducing the equations for ~rijði; j ¼ 1; 2; 3Þ to a
set of coupled 9� 9 algebraic equations after splitting
into real and imaginary parts. These equations can be
treated in all orders using the symbolic computation
package Mathematica or Maple. The dispersion and
absorption (gain) of the medium are determined by the
real and imaginary parts of ~r12, respectively. If
Imð ~r12Þ40, the system exhibits gain for the probe field;
if Imð ~r12Þo0, the probe field is attenuated. When
Imð ~r12Þ40 and ~r22 � ~r11o0, LWI can be realized; if
Imð ~r12Þ40 and ~r22 � ~r1140, the lasing with inversion
occurs.

3. Numerical analysis

In the following we analyze control role of the relative
phase on the properties of the system by numerical
calculation result from the steady analytical solutions
for Im ~r12, Re ~r12, and ~r22 � ~r11.

Let us first consider the dependence of the absorption
and dispersion properties of the probe field on the
relative phase F. Fig. 2 illustrates Im ~r12, Re ~r12 and
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Fig. 1. A three-level ladder system with nearly equispaced

levels.
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Fig. 2. Im ~r12, Re ~r12 and ~r22 � ~r11 versus F. The parameters

values are D2 ¼ 0, D1 ¼ 5, g1 ¼ 1.2g2, y ¼ p/4, Gc ¼ 5 sin y g2,
gp ¼ 0.1 sin y g2, R ¼ 1.2g2 and Z ¼ 1.
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