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Riemann’s hypothesis on function fields over a finite field 
implies the Hasse–Weil bound for the number of zeros of 
an absolutely irreducible bi-variate polynomial over a finite 
field. The Hasse–Weil bound has extensive applications in the 
arithmetic of finite fields. In this paper, we use the Hasse–Weil 
bound to prove two results on permutation polynomials over 
Fq where q is sufficiently large. To facilitate these applications, 
the absolute irreducibility of certain polynomials in Fq [X, Y ]
is established.

© 2018 Elsevier Inc. All rights reserved.

1. Introduction

Recent years have seen a surge of research activities in permutation polynomials over 
finite fields. We give a few references [4,7,9,18,19,25,30], noting that it is impossible to 
include a comprehensive literature review. While interesting results continue to appear 
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in the literature, broad challenges are condensed into clearly defined questions, some of 
which appear in the following form: In a class of polynomials under consideration, known 
permutation polynomials have been enumerated, and the conjecture is that the enumer-
ation is complete; see for example [2,5,7,12,15]. The Hasse–Weil bound is a powerful tool 
for proving such conjectures asymptotically, i.e., when the finite field is sufficiently large. 
Usually, when applying the Hasse–Weil bound, the technical difficulty is the proof of the 
absolute irreducibility of the involved polynomial; see for example [1], [23, §§V.2–V.4].

Let Fq denote the finite field with q elements. A polynomial g ∈ Fq[X] is called a 
permutation polynomial (PP) of Fq if it induces a permutation of Fq. The main results 
of the present paper are the following two theorems.

Theorem 1.1. Assume that r > 2, q ≥ 28(r − 1)4, a ∈ F∗
q2 , and aq+1 �= 1. Then F(X) =

X(a + Xr(q−1)) is not a PP of Fq2 .

Theorem 1.2. Let q be odd and let a and e be integers such that 2 < a ≤ e/4 + 1. Then 
Fa,q(X) = Xq−2 + Xq2−2 + · · · + Xqa−1−2 is not a PP of Fqe .

Globally defined throughout the paper are two polynomials and a rational function; 
they appear in the typewriter font: F and Fa,q in the above theorems and G to be defined 
in (3.1).

Theorems 1.1 and 1.2 arise from different backgrounds, which we describe briefly 
below.

Let F(X) = X(a + Xr(q−1)) ∈ Fq2 [X], where 2 ≤ r ≤ q and a ∈ F∗
q2 . This polynomial 

has been studied by several authors; the primary goal is to determine the necessary and 
sufficient conditions on the parameters for F to be a PP of Fq2 [10,11,14,17,29]. The 
following is a summary of the existing results concerning the polynomial F.

(i) [29] If aq+1 = 1, then F is a PP of Fq2 if and only if (−a)(q+1)/gcd(r,q+1) �= 1 and 
gcd(r − 1, q + 1) = 1.

(ii) [10] If aq+1 �= 1 and r = 2, then F is a PP of Fq2 if and only if q is odd and 
(−a)(q+1)/2 = 3.

(iii) [14,17] For aq+1 �= 1 and r = 3, 5, 7, there are only finitely many pairs (q, a) for 
which F is a PP of Fq2 , and all such pairs are determined.

(iv) [11] If aq+1 �= 1 and r ≥ 3 is a prime, then there are only finitely many pairs (q, a)
for which F is a PP of Fq2 .

Theorem 1.1 of the present paper removes the requirement that r be a prime in Re-
sult (iv). We mention that the approach of the present paper is different from that of [11].

The background for Theorem 1.2 is different. Let p = charFq. For n ≥ 0, let gn,q ∈
Fp[X] be the polynomial defined by the functional equation 

∑
a∈Fq

(X+a)n = gn,q(Xq−
X). The polynomial gn,q was introduced in [9] and the permutation properties of gn,q in 
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