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Let Fq be a field of q elements, where q is a power of an odd 
prime. Fix n = (q + 1)/2. For each s ∈ Fq, we describe all the 
irreducible factors over Fq of the polynomial gs(y) := yn +
(1 − y)n − s, and we give a necessary and sufficient condition 
on s for gs(y) to be irreducible.
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1. Introduction

Let Fq be a field of q elements, where q is a power of an odd prime p. Fix

n = (q + 1)/2, (1.1)

and write [n/2] for the floor of n/2. Define a polynomial f(y) ∈ Fq[y] of degree [n/2] by

f(y) := (1 + √
y)n + (1 −√

y)n = Dn(2, 1 − y),

where Dn(2, 1 − y) is a reversed Dickson polynomial [5, eq. (1)]. Our choice of n in (1.1)
was motivated by Katz’s work on local systems [6]. Indeed, by [3, Lemma 2.1], f(y)
satisfies the equality

f(y)2 = 2yn + 2(1 − y)n + 2, (1.2)

which was instrumental in proving a theorem of Katz relating two twisted local systems 
[6, Theorem 16.6].

For each s ∈ Fq, define the polynomial gs(y) ∈ Fq[y] of degree 2[n/2] by

gs(y) := yn + (1 − y)n − s = (f(y)2 − 2s− 2)/2. (1.3)

Observe that gs(y) is a translate of the reversed Dickson polynomial g0(y) = Dn(1, y−y2)
[5, eq. (3)]. For any zero x of gs(y), (1.3) can be written as

gs(y) = (f(y)2 − f(x)2)/2. (1.4)

By (1.4) and [3, Remark 2], the zeros of gs(y) are all distinct when s �= ±1.
The goal of this paper is to describe the irreducible factorization of gs(y) over Fq, for 

each s ∈ Fq. We remark that irreducible factorizations of classical Dickson polynomials 
over Fq have been given by Bhargava and Zieve [2, Theorem 3]; for related work, see the 
references in [8, Section 9.6.2].

Our study of the irreducible factors of gs(y) was initially motivated by the following 
conjecture of the second author:

For s ∈ {±1/2} and q ≡ ±1 (mod 12), every irreducible factor of gs(y) over Fq has 
the form y3 − (3/2)y2 + (9/16)y −m for some m ∈ Fq.

For example, over F13, we have the complete factorizations

g−1/2(y) = y7 + (1 − y)7 + 7 = 7(y3 + 5y2 + 3y + 1)(y3 + 5y2 + 3y + 3),

g1/2(y) = y7 + (1 − y)7 − 7 = 7(y3 + 5y2 + 3y + 6)(y3 + 5y2 + 3y + 11).
(1.5)
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