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1. Introduction

A finite presemifield S is a finite ring with no zero-divisors such that both the left
and right distributive laws hold. If it further contains a multiplicative identity, then
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we call S a semifield. A semifield is not necessarily commutative or associative, but by
Wedderburn’s Theorem [11], associativity necessarily implies commutativity in the finite
case. The study of semifields was initiated by Dickson [7] in the study of division algebras.
Knuth [8] showed that the additive group of a semifield S is an elementary abelian group.
Hence, any finite presemifield can be represented by (Fpn, +, %), where (Fpn, +) is the
additive group of the finite field Fp» with p" elements and = * y = ¢(z,y) with ¢ a
bilinear function from F,» x Fyn» to Fpn. For a recent survey on finite semifields, please
refer to [9]. In this paper, we are concerned with commutative presemifields with odd
characteristic. Such presemifields can be equivalently described by planar polynomials
of Dembowski-Ostrom type, cf. [5,6].

Let S1 = (Fpn,+,*) and Se = (Fpn, +, *’) be two presemifields. They are isotopic if
there exist three linear permutations L, M, N over F,» such that L(zxy) = M (x)+' N (y)
for all z,y € Fpn, and we say that (M, N, L) is an isotopism between S; and S,. If
there is an isotopism (N, N, L) between the presemifields S; and S, then it is a strong
isotopism and S; and Sy are strongly isotopic. In the particular case S; = Ss, a (strong)
isotopism is called a (strong) autotopism. Both isotopism and strong isotopism define
an equivalence relation on the finite presemifields, and the equivalence classes are called
isotopism classes and strong isotopism classes respectively. Two isotopic presemifields are
called isotopes of each other. For a presemifield S = (Fy», +, *) and its nonzero element e,
we define a new multiplication x by (z xe) * (e*y) = x *y. Then S’ = (Fpn,+,%) is a
semifield with an identity e * e, which is strongly isotopic to S.

In [3,4], Budaghyan and Helleseth constructed two families of commutative presemi-
fields of order p?* from certain planar functions of Dembowski-Ostrom type over F ok,
where p is an odd prime. They established that the first family is non-isotopic to previ-
ously known semifields for p # 3 and k odd, and determined the middle nuclei in some
special cases. Later on, Bierbrauer [1] observed that the two families are in fact the same
and have been also independently discovered in [14]. This family of semifields is now
commonly called the Budaghyan—Helleseth family in the literature. In the same paper,
Bierbrauer gave a generalization of the Budaghyan—Helleseth family which also con-
tains the LMPT-construction [10]. The new semifields sometimes are called the LMPTB
family, and it is not isotopic to any previously known commutative semifields with the
possible exception of the Budaghyan—Helleseth family as shown in [1]. However, Marino
and Polverino proved that the LMPTB family is contained in the Budaghyan—Helleseth
family in [13], and they determined the nuclei and middle nuclei of the Budaghyan—
Helleseth semifields in [13].

In this paper, we completely determine the isotopism classes of the Budaghyan—
Helleseth presemifields. In Section 2, we introduce some background and preliminary
results. We determine the strong isotopism classes of the Budaghyan—Helleseth presemi-
fields in Section 3, and completely determine the isotopism classes in Section 4. For odd g,
with the center size ¢ and semifield order ¢? fixed, the number of isotopism classes in
the Budaghyan—Helleseth family is equal to
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