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Generalized almost perfect nonlinear (GAPN) functions are 
algebraic generalization of almost perfect nonlinear functions 
and have important applications in cryptography and finite 
geometry. Based on the well known binomial theorem and 
some combinatory formulas, the conjecture proposed by 
Kuroda is partially disproved and three new classes of GAPN 
power functions for odd characteristic are presented.
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1. Introduction

Let p be a prime and n a positive integer. Define Fpn be a finite field with pn elements. 
Kuroda and Tsujie [11] introduced the concept of generalized almost perfect nonlinear 
(GAPN) function as follows:

Definition 1.1 ([11]). A function f : Fpn −→ Fpn is a generalized almost perfect nonlinear 
(GAPN) function if the equation ∑

i∈Fp

f(x + ia) = b (1)

has at most p solutions x in Fpn for all a ∈ F∗
pn and b ∈ Fpn .

A GAPN function is a formal generalization of an almost perfect nonlinear (APN) 
function in characteristic 2 [1–3,6,8,13,14] to odd characteristic p > 2. In [11], algebraic 
properties and examples of GAPN functions were presented, and the applications of 
GAPN functions to generalized almost bent functions and dual arcs were also investi-
gated. However, there are not many known examples of GAPN functions.

For an integer 0 ≤ d ≤ pn − 1 with base p expansion d =
n−1∑
j=0

bjp
j , 0 ≤ bj < p, its 

Lie weight is defined to be ωp(d) =
n−1∑
j=0

bj . The algebraic degree of a function f(x) =

pn−1∑
i=0

aix
i ∈ Fpn [x] is defined as do(f) = max

i,ai �=0
ωp(i). If do(f) ≤ 1, then f is called an 

affine function.
Two functions f, g : Fpn −→ Fpn are called extended affine (EA) equivalent if g =

A1 ◦ f ◦ A2 + A0 for two affine permutations A1 and A2 and an affine function A0. 
Nonconstant EA equivalent functions have the same algebraic degree. It is shown in [4]
that EA equivalence is a particular case of Carlet–Charpin–Zinoviev (CCZ) equivalence 
and that every invertible function (namely a permutation over Fpn) is CCZ equivalent 
to its inverse. However, it was showed by Kuroda and Tsujie [11] that for some invertible 
GAPN functions, their inverses are not GAPN functions, which means a function CCZ 
equivalent to a GAPN function may be not again a GAPN function, and it seems very 
complicated to study the CCZ equivalence of GAPN functions. Below we only consider 
the equivalence of GAPN functions in terms of EA equivalence, which has the following 
properties:

Proposition 1.2 ([11]). Let f, g : Fpn −→ Fpn be EA equivalent functions. Then f is a 
GAPN function if and only if g is a GAPN function.

Proposition 1.3 ([5]). Let k and l be integers with 0 ≤ k, l < pn − 1. Define pk(x) = xk

and pl(x) = xl be power functions on Fpn . Then pk and pl are EA equivalent if and only 
if there exists an integer 0 ≤ a < n, such that l ≡ pak (mod pn − 1).
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