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1. Introduction

Let p > ¢ be odd primes. In this short note we classify Bol loops of order pg up
to isotopism, building upon the work of Niederreiter and Robinson [18,19], and Kinyon,
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Nagy and Vojtéchovsky [12]. The classification turns out to be a nice application of group
actions on finite fields.

A quasigroup is a groupoid (Q, -) in which all left translations yL, = zy and all right
translations yR, = yx are bijections. A loop is a quasigroup ) with identity element 1.
A (right) Bol loop is a loop satisfying the identity ((zz)y)z = z((zy)z), and a (right)
Bruck loop is a Bol loop satisfying the identity (xy)~! =z~ 1y~L.

Two loops @1, @2 are said to be isotopic if there are bijections f, g, h : Q1 — Q2
such that (zf)(yg) = (zy)h for every x, y € Q1. If f = g = h, the loops are said to be
isomorphic. Since an isotopism corresponds to an independent renaming of rows, columns
and symbols in a multiplication table, it is customary to classify loops (quasigroups and
Latin squares [5,14,15]) not only up to isomorphism but also up to isotopism.

Alongside Moufang loops [3,16], automorphic loops [4,11] and conjugacy closed loops
[6,9,13], Bol loops and Bruck loops are among the most studied varieties of loops [2,7,8,
10,17,20]. We refer the reader to [1,3] for an introduction to loop theory and to [12] for
an introduction to the convoluted history of the classification of Bol loops whose order
is a factor of only a few primes.

The following construction is of key importance for Bol loops of order pq. Let
@:{91|16Fq}§ﬂ7p

be such that 6y = 1 and 6; '0; € 2\ {1} for every 4, j € Fy. Define Q(©) on Fy x I,
by

(3, ) (ks 0) = (i + ke, €0+ 0)" 4+ (G 4+ L1+ 60k) 10 0i45). (1.1)

Then Q(O) is always a loop.
This construction was introduced and carefully analyzed by Niederreiter and Robinson
n [18]. We can restate some of their results as follows:

Theorem 1.1. [18] Let p > q be odd primes. Then Q(©) is a Bol loop if and only if there
exists a bi-infinite q-periodic sequence (u;) solving the recurrence relation

Upt2 = Apt1 — Up (1.2)

for some A\ € Fy; such that ug = 1 and u;tu; € Fy\{—1} for everyi, j. (Then 0; = u;
for every i € Fy.)
If Q(©) is a Bol loop then it is a Bruck loop if and only if u; = u_; for every i € F,.
Suppose that two Bol loops correspond to the sequences (u;) and (v;), respectively.
Then the loops are isomorphic if and only if there is s € Fy such that u; = vs; for every
i € Fy, and the loops are isotopic if and only if there are s € Fy and r € Fy such that
i = v Mgit, for every i € F,.
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