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In this paper, we characterize all curves over Fq arising from 
a plane section

P : X3 − e0X0 − e1X1 − e2X2 = 0

of the Fermat surface

S : Xd
0 + Xd

1 + Xd
2 + Xd

3 = 0,

where q = ph = 2d +1 is a prime power, p > 3, and e0, e1, e2 ∈
Fq. In particular, we prove that any nonlinear component G ⊆
P ∩ S is a smooth classical curve of degree n � d attaining 
the Stöhr–Voloch bound

#G(Fq) � 1
2
n(n + q − 1) − 1

2
i(n− 2),

with i ∈ {0, 1, 2, 3, n, 3n}.
© 2018 Elsevier Inc. All rights reserved.

* Corresponding author.
E-mail addresses: hborges @icmc .usp .br (H. Borges), garycook82 @msn .com (G. Cook), 

mariananery @usp .br (M. Coutinho).

https://doi.org/10.1016/j.ffa.2018.04.001
1071-5797/© 2018 Elsevier Inc. All rights reserved.

https://doi.org/10.1016/j.ffa.2018.04.001
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/ffa
mailto:hborges@icmc.usp.br
mailto:garycook82@msn.com
mailto:mariananery@usp.br
https://doi.org/10.1016/j.ffa.2018.04.001
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ffa.2018.04.001&domain=pdf


H. Borges et al. / Finite Fields and Their Applications 52 (2018) 156–173 157

1. Introduction

Let F be the curve obtained by slicing the Fermat surface

S : Xd
0 + Xd

1 + Xd
2 + Xd

3 = 0

with the plane

P : X3 − e0X0 − e1X1 − e2X2 = 0,

where d is a positive integer, e0, e1, e2 ∈ Fq, and Fq is the finite field with q = ph elements, 
with p a prime number. In other words, let

F : Xd
0 + Xd

1 + Xd
2 + (e0X0 + e1X1 + e2X2)d = 0. (1.1)

Characterizing this general curve F in terms of its rational points and its irreducible 
and nonsingular components presents many challenges. For instance, the particular case 
p = 2 and e0 = e1 = e2 = 1 has been extensively investigated over the past decades 
(see [4], [8], [9], [11]). In this context, the following result was essential in Hernando and 
McGuire’s proof of an important conjecture regarding exceptional numbers [4].

Theorem (Hernando–McGuire). The polynomial

Xd
0 + Xd

1 + Xd
2 + (X0 + X1 + X2)d

(X0 + X1)(X0 + X2)(X1 + X2)

has an absolutely irreducible factor defined over F2 for all d not of the form d = 2i + 1
or d = 22i − 2i + 1.

In this paper, we consider the problem of studying the curve given in (1.1) from 
another point of view. Based on techniques developed by Carlin and Voloch [2], we 
characterize the curve

C : C(X0, X1, X2) = Xd
0 + Xd

1 + Xd
2 + (e0X0 + e1X1 + e2X2)d = 0, (1.2)

where q = ph = 2d + 1 is a prime power, p > 3, and e0, e1 and e2 are arbitrary elements 
in Fq. For such a curve, we give a complete description of the irreducible and nonsingular 
components and provide their number of Fq-rational points. Consequently, we construct 
a family of curves attaining the Stöhr–Voloch bound and prove the following theorem, 
which is the main result of this paper.

Theorem 1.1. If C is not the union of d lines, then the following statements hold.
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