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We study self-dual codes over a factor ring R = Fq[X]/
(Xm − 1) of length �, equivalently, �-quasi-cyclic self-dual 
codes of length m� over a finite field Fq , provided that the 
polynomial Xm − 1 has exactly three distinct irreducible 
factors in Fq[X], where Fq is the finite field of order q. There 
are two types of the ring R depending on how the conjugation 
map acts on the minimal ideals of R. We show that every self-
dual code over the ring R of the first type with length ≥ 6
has free rank ≥ 2. This implies that every �-quasi-cyclic self-
dual code of length m� ≥ 6m over Fq can be obtained by the 
building-up construction, where m corresponds to the ring R
of the first type. On the other hand, there exists a self-dual 
code of free rank ≤ 1 over the ring R of the second type. 
We explicitly determine the forms of generator matrices of all 
self-dual codes over R of free rank ≤ 1. For the case that 
m = 7, we find 9828 binary 10-quasi-cyclic self-dual codes of 
length 70 with minimum weight 12, up to equivalence, which 
are constructed from self-dual codes over the ring R of the 
second type. These codes are all new codes. Furthermore, 
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for the case that m = 17, we find 1566 binary 4-quasi-cyclic 
self-dual codes of length 68 with minimum weight 12, up to 
equivalence, which are constructed from self-dual codes over 
the ring R of the first type.

© 2018 Elsevier Inc. All rights reserved.

1. Introduction

There has been active development on self-dual codes and quasi-cyclic codes over finite 
fields and finite rings. Self-dual codes are connected with other combinatorial structures 
as lattices [7,9], invariant theory [25], designs [1], and so forth. Quasi-cyclic codes are 
among the most commonly used linear codes. In fact, quasi-cyclic codes can be considered 
as modules over a group algebra of a cyclic group. There is a one-to-one correspondence 
between �-quasi-cyclic codes over a finite field Fq of length �m and linear codes over a 
factor ring R = Fq[X]/(Xm−1) of length � [22]. Ling and Solé [22,24] studied quasi-cyclic 
codes over a finite field Fq by considering linear codes over the ring R, where m is a 
positive integer coprime to q. There is a bijective correspondence between quasi-cyclic 
codes over Fq and linear codes over R. We call quasi-cyclic codes over Fq cubic, quintic, or 
septic codes depending on m = 3, 5, or 7, respectively. Binary cubic self-dual codes were 
studied by Bonnecaze et. al. [3] and binary quintic self-dual codes by Bracco et. al. [5]. 
Recently, Han et al. [12] worked on the case that Xm − 1 has exactly two distinct 
irreducible factors in Fq[X]; in this case, they proved that every �-quasi-cyclic self-dual 
code of length m� over a finite field Fq can be obtained by the building-up construction. 
Every quasi-cyclic codes over Fq in this paper has a permutation automorphism of order 
m without fixed points. There is well-known closely related theory, for example [4,16,17,
30], which is applicable to these codes.

According to our computation, the case that the number of distinct irreducible factors 
of Xm − 1 in F2[X] (respectively, F3[X]) is two occurs in 40 percentage (respectively, 41
percentage) and three occurs in 30 percentage (respectively, 30 percentage) for 2 ≤ m ≤
1000. As a matter of fact, for a fixed finite field Fq, there are infinitely many polynomials 
Xm−1 which have exactly three distinct irreducible factors in Fq[X] according to Artin’s 
conjecture. Motivated by this fact, we are interested in working on the case that Xm−1
has exactly three distinct irreducible factors in Fq[X].

In this paper, we study self-dual codes over a ring R = Fq[X]/(Xm − 1) of length �, 
equivalently, �-quasi-cyclic self-dual codes of length m� over a finite field Fq, provided 
that the polynomial Xm − 1 has exactly three distinct irreducible factors in Fq[X], 
where Fq is the finite field of order q. In fact, for a fixed prime power q, there are 
infinitely many polynomials Xm−1 which have exactly three distinct irreducible factors 
in Fq[X] (Remark 3.4). We point out that there are two types of the ring R depending 
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