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In this note we prove a conjecture by Li, Qu, Li, and 
Fu on permutation trinomials over F2k

3 . In addition, new 
examples and generalizations of some families of permutation 
polynomials of F3k and F5k are given. We also study permuta-
tion quadrinomials of type Axq(q−1)+1+Bx2(q−1)+1+Cxq+x. 
Our method is based on the investigation of an algebraic curve 
associated with a fractional polynomial over a finite field.

© 2018 Elsevier Inc. All rights reserved.

1. Introduction

Let q = ph be a prime power. A polynomial f(x) ∈ Fq[x] is a permutation polynomial
(PP) if it is a bijection of the finite field Fq into itself. On the other hand, each permu-
tation of Fq can be expressed as a polynomial over Fq. Permutation polynomials were 
first studied by Hermite and Dickson; see [5,8].
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In general it is not difficult to construct a random PP for a given field Fq. Particular, 
simple structures or additional extraordinary properties are usually required by appli-
cations of PPs in other areas of mathematics and engineering, such as cryptography, 
coding theory, or combinatorial designs. Permutation polynomials meeting these criteria 
are usually difficult to find. For a deeper introduction on the connections of PPs with 
other fields of mathematics we refer to [14,9] and the references therein.

In this work we deal with a particular class of PPs. For a prime p and a positive 
integer m, let Fpm be the finite field with pm elements. Given a polynomial h(x) over 
Fpm , a divisor d of pm − 1, and an integer r with 1 ≤ r < (pm − 1)/d, let

fr,d,h(x) = xrh
(
x

pm−1
d

)
.

A useful criterion to decide weather fr,d,h permutes Fpm is the following.

Theorem 1.1. [15,19] The polynomial fr,d,h(x) is a PP of Fpm if and only if gcd(r, (pm−
1)/d) = 1 and xrh(x)(pm−1)/d permutes the set μd of the d-th roots of unity in Fpm .

Let q = pn. For h(x) =
∑�

i=0 aix
i a polynomial over Fq2 , by Theorem 1.1 xrh 

(
xq−1)

permutes Fq2 if and only if xrh (x)q−1 permutes μq+1. If this is the case and in addition 
h(x) ∈ Fq[x], then for each z ∈ μq+1 we have that

zrh (z)q−1 = zr
(h(z))q

h(z) = zr
h(1/z)
h(z) = zr−� h̃(z)

h(z) ,

where deg(h) = � and h̃(x) =
∑�

i=0 a�−ix
i. We call the rational function xr−� h̃(x)

h(x) the 

fractional polynomial associated with the PP xrh 
(
xq−1). Conversely, given a fractional 

polynomial xr−� h̃(x)
h(x) which permutes μq+1 we call xrh 

(
xq−1) the associated permutation 

polynomial.
A standard approach to the problem of deciding whether a polynomial f(x) is a PP 

is the investigation of the plane algebraic curve

Cf : f(x) − f(y)
x− y

= 0;

in fact, f is a PP over Fpm if and only if Cf has no Fpm-rational point (a, b) with a �= b. In 
the case where pm = q2 and f is of type fr,q+1,h with h ∈ Fq[x], it can be more effective 
to study the curve, with degree lower than Cf , defined by the equation

xr−� h̃(x)
h(x) − yr−� h̃(y)

h(y) = 0

and check whether it has some Fq2-rational points (a, b) with a �= b and aq+1 = bq+1 = 1.
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