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Let p be a prime number and let q = pr. If C and D are large 
subsets of F∗

q we study the trace of products cd with c ∈ C
and d ∈ D and show that it is well distributed in Fp. We 
give an optimal condition (up to an absolute constant factor) 
on the size of the subsets C and D to ensure that the trace 
of products cd takes any given value in Fp. We also give a 
condition (optimal up to an absolute constant factor in most 
cases) on the size of the subsets C and D to ensure that the 
trace of cd meets the set of k-th powers for k ≥ 1, respectively 
the set of generators. Our method will enable us to take sets C
and D whose size is substantially below √q. Character sums 
and Gaussian sums over Fp and Fq will play an important role 
in the proofs. Some estimates lead to interesting combinatorial 
questions in finite fields.
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1. Introduction

1.1. Motivation

The study of the connection between the arithmetic properties of an integer and the 
properties of its digits in a given basis produces a lot of interesting questions and a lot of 
papers have been devoted to this topic. In particular, Gelfond [6] proved an asymptotic 
formula for the number of integers of an arithmetic progression whose sum of digits 
modulo m is fixed. More recently, Mauduit and Rivat [10,11] obtained an asymptotic 
formula for the number of prime numbers and also for the number of squares whose sum 
of digits modulo m is fixed. In another direction, Maynard [12] showed in a recent work 
that there are infinitely many prime numbers with one missing digit (e.g. no digit 9) in 
their decimal expansion.

In the context of finite fields, the algebraic structure permits to formulate and study 
new problems of interest which might be out of reach in the context of natural integers 
[9,13]. In [3], Dartyge and Sárközy initiated the study of the concept of digits in the 
context of finite fields. Let p be a prime number, let q = pr with r ≥ 2 and consider the 
finite field Fq. If B = {e1, . . . , er} is a basis of Fq viewed as a Fp-vector space then every 
x ∈ Fq can be written uniquely in base B:

x =
r∑

j=1
cjej (1)

with c1, . . . , cr ∈ Fp. In [3], c1, . . . , cr are called the “digits” of x and the function sB
defined on Fq by

sB(x) =
r∑

j=1
cj (2)

is called the “sum of digits” function. Dartyge and Sárközy estimated the number of 
squares in Fq whose sum of digits is fixed and also obtained results for polynomial values, 
resp. polynomial values with generator arguments whose sum of digits is fixed. Further 
problems on digits in finite fields have been studied by Dartyge, Mauduit, Sárközy [2], 
Dietmann, Elsholtz, Shparlinski [4] and Gabdullin [5]. In particular, an estimate of the 
number of squares in Fq with restricted digits has been proved in [2] and then improved 
in [4] and [5].

In [14], Rivat and Sárközy provided a “possibly complete” list of the papers written 
on arithmetic properties of products and showed that if C and D are large subsets of 
{1, . . . , N} then the sum of digits of the products cd with c ∈ C and d ∈ D is well 
distributed modulo m. We will study a local analog of this result in the context of finite 
fields. Instead of the sum of digits function sB, we will consider the trace function Tr
from Fq to Fp which is of basic importance in finite fields (see [9,13]) and can be used 
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