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Let F be a finite field of characteristic distinct from 2, f and 
g quadratic forms over F , dim f = dim g = n. A particular 
case of Chevalley’s theorem claims that if n ≥ 5, then f and g
have a common zero. We give an algorithm, which establishes 
whether f and g have a common zero in the case n ≤ 4. 
The most interesting case is n = 4. In particular, we show 
that if n = 4 and det(f + tg) is a squarefree polynomial 
of degree different from 2, then f and g have a common 
zero. We investigate the orbits of pairs of 4-dimensional forms 
(f, g) under the action of the group GL4(F ), provided f and 
g do not have a common zero. In particular, it turns out 
that for any polynomial p(t) of degree at most 4 up to the 
above action there exist at most two pairs (f, g) such that 
det(f + tg) = p(t), and the forms f , g do not have a common 
zero. The proofs heavily use Brumer’s theorem and the Hasse–
Minkowski theorem.

© 2018 Elsevier Inc. All rights reserved.

0. Introduction

Let F = Fq be the finite field of odd order q, f and g quadratic forms over F of 
dimension n (considered as homogeneous quadratic polynomials in n variables). It follows 
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from Chevalley’s theorem ([6], Ch. 2, 15.4) that if n ≥ 5, then f and g have a common 
zero. Another way to prove this is to note that since F (t) is a global function field, then 
by the Hasse–Minkowski theorem the form f + tg is isotropic. Now the statement follows 
from Brumer’s theorem ([1]), which claims that f and g have a common zero if and only 
if the form f + tg over the rational function field F (t) is isotropic.

If n ≤ 4, then, as easy to see, there are examples of pairs (f, g) without a common 
zero, and it is a natural question to ask how one can determine whether the forms have a 
common zero or not. In the present paper we investigate separately the cases n = 2, 3, 4
(in fact, the case n = 2 is trivial), and classify pairs (f, g) without common zero.

Our notation is standard, but for the convenience of the reader we recall some defini-
tions and basic results, which we need in the sequel.

• GLn(k) is the group of invertible square matrices of order n over the field k.
• St is the transpose of the matrix S.
• If p is an irreducible polynomial in one variable over the field k, then kp is the 

quotient k[t]/p. For a polynomial f ∈ k[t] its image in kp is denoted by f .
• A

1
k is the affine line over the field k. Clearly, closed points of A1

k are in one-to-one 
correspondence with monic irreducible polynomials in one variable over k.

• P
1
k is the projective line over k. The difference ∞ = P

1
k \ A

1
k is called the infinity 

point. For a closed point v ∈ P
1
k we denote by k̂v the completion of the field k(t) with 

respect to the discrete valuation determined by v. It is clear that the residue field of k̂p
coincides with kp for any p ∈ A

1
k.

• 〈a1, . . . , an〉 is the diagonal quadratic form with coefficients a1, . . . , an ∈ k∗.
• The form 〈 〈a1, . . . , an〉 〉 := 〈1, −a1〉 ⊗ · · · ⊗ 〈1, −an〉 is called an n-fold Pfister form.
• We use the sign 	 for isomorphism of forms and = for the equality of elements in 

the Witt ring of a field.
• For any field k denote as usual by W (k) the Witt group of k. It is well known (see, 

for example, [6], Ch. 6, §3) that the sequence of abelian groups

0 → W (k) res−−→ W (k(t))
∐

∂p−−−→
∐
p∈A1

k

W (kp) → 0 (∗)

is exact. Here ∂p : W (k(t)) → W (kp) is the residue homomorphism well defined by the 
rule

∂p(〈f〉) =
{

0 if vp(f) = 0
〈fp−1〉 if vp(f) = 1

,

where vp is the discrete valuation on k(t) corresponding to p. For the infinity point ∞
there is a homomorphism ∂∞ : W (k(t)) → W (k) defined by the rule

∂∞(〈f(t)〉) = ∂u(〈f(u−1)〉) = 〈1 − (−1)n

2 l(f)〉,
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