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1. Introduction

Let k be any perfect field and R = k[z1, ..., z4] its polynomial ring in d variables. In
this case it is known [1, IV, Théoréme 16.11.2] that the ring Dy of k-linear differential
operators on R is the R-algebra (which we take here as a definition)

Dr:=R(D,,¢|i=1,...,dand t > 1) C Endi(R),

generated by the operators Dy, ., defined as

()", ifi=jand s > ¢,

Dwi,t(mj) = {

0, otherwise .

For a non-zero f € R, the natural action of Dg on R extends to Ry in such a way that
Ry = DR#, for some m > 1. Whilst there are examples of m > 1 in characteristic 0
(e.g. [2, Example 23.13]), it is m = 1 in positive characteristic ([3, Theorem 3.7 and
Corollary 3.8]). This is shown by proving the existence of a differential operator 6 € D
such that §(1/f) = 1/f?, i.e., ¢ acts as Frobenius on 1/f. We will suppose that k = F,
and fix an algebraic closure k of k from now on.

For an integer e > 0, let RP° C R be the subring of all the p® powers of all the elements
of R and set DS) := End e (R), the ring of RP"-linear ring-endomorphism of R. Since
R is a finitely generated RP-module, by [4, 1.4.8 and 1.4.9], it is

Dr = DY .

e>0

Therefore, for 6 € Dy, there exists e > 0 such that § € ’Dg‘) but § ¢ Dgl) for any ¢’ < e.
Such number e is called the level of f.

The level of a polynomial has been studied in [3] and [5]. In [5], an algorithm is given
to compute the level and a good number of examples are exhibited. Moreover, if f is a
cubic smooth homogeneous polynomial defining an elliptic curve C = V(f) = {(z : y :
z) € P : f(z,y,2) = 0}, the level of f can be used to characterise the supersingularity

of C in the following way:

Theorem 1.1. (/5, Theorem 1.1]) Let f € R be a cubic homogeneous polynomial such that
C =V(f) is an elliptic curve over k. Denote by e the level of f. Then

(i) C is ordinary if and only if e = 1.
(ii) C is supersingular if and only if e = 2.

The goal of the present work is to extend the results of [5] to hyperelliptic curves of
genus g > 2 defined over k. Such a curve C is birationally equivalent to the vanishing
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