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1. Introduction

Let F, denote the finite field of order ¢, a power of the prime p. The proliferation of
primitive elements of I, gives rise to many interesting properties. For example, it was
proved in [4] that for any non-zero «, 3, ¢ € F, the equation € = aax + b3 is soluble in
primitive elements a,b provided that ¢ > 61. Since a is primitive if and only if a =,
its multiplicative inverse in F,, is primitive, one may look for linear relations amongst
primitive elements and their inverses and, as in the above example, seek a lower bound
on g beyond which such relations hold — this is the purpose of the current paper.

Given arbitrary non-zero elements u,v € Fy, call a pair (a,b) of primitive elements
of F, (u,v)-primitive if additionally the elements ua + vb and va~! + ub~! are each
primitive. The task is to find an asymptotic expression for N = N(q,u,v), defined as
the number of (u,v)-primitive pairs (a,b) in F,,.

In the situation in which I, is a prime field, i.e., ¢ = p, this problem was introduced by
Li and Han [7]. In that context, a, b are considered to be integers in I, = {1,2,...,p—1}
with inverses a=',b71 € I,,. Similarly, u,v can be taken to be in I,. To state the
result of [7] we introduce some notation. For a positive integer m let w(m) be the
number of distinct prime divisors of m and W (m) = 2*(™) be the number of square-
free divisors of m. Further, define 8(m) as ¢(m)/m, where ¢ is Euler’s function, and
T(m) = [ljm (1 -+ ﬁ , where the product is taken over all w(m) distinct
prime divisors [ of m.

Theorem 1 (Li-Han). Let p be an odd prime and n any integer in I,. Set = 6(p — 1),
T=71(p—1) and W =W(p—1). Then

‘N(p,l,n) — 037 (p— 1)2’ < 50 W4pt/2. (1.1)
Li and Han gave the following as corollaries to Theorem 1.

Corollary 1 (Li-Han). Every sufficiently large p has primitive roots a and b such that
both a+b and a= ' +b~" are also primitive. Also, every sufficiently large p has primitive
roots a and b such that both a —b and b~' —a~' are also primitive.

We establish an improved estimate for N(g,u,v) in the case of a general finite field.

Theorem 2. Let g > 2 be a prime power. Set 6 =0(q — 1), 71 =7(¢q—1),W =W (g —1).
Then, for arbitrary non-zero u,v € Fy,

IN(g,u,v) = 0°7 - (¢ = 1) q| < O*W? - (¢~ 1)/a. (1.2)

The principal improvement in Theorem 2 over Theorem 1 is the reduction from W+
to W3 in the error term. Its effect can be described as follows. Let S be the set of

prime powers ¢ such that, for any pair of non-zero elements (u,v) in F,, there exists a
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