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f(xz) to be a permutation of Fg,2. We transform the prob-
lem into studying some low-degree equations with variable in
the unit circle, which are intensively investigated with some
parameterization techniques. From the numerical results, the
coefficients that lead f(z) to be a permutation appear to be
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1. Introduction

For a prime power ¢, denote by F, the finite field with ¢ elements. A polynomial f(x)
over Fy is called a permutation polynomial if the induced mapping f: ¢ — f(c) from F, to
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itself is a bijection. The study of permutation polynomials has a long history and dates
back to Hermite [13] and Dickson [7]. Permutation polynomials have important applica-
tions in a wide range of areas such as coding theory [9,18], combinatorial designs [10] and
cryptography [28,29]. In the last two decades, there is a wealth of results on permutation
polynomials over finite fields, and many recent results are surveyed by Hou in [14].

Permutations with a few terms have attracted researchers’ attention due to their
simple algebraic expressions. So far a number of permutation binomials and trinomials
have been found in the literatures [8,11,12,15-17,19-22,24,32,36,38]. Among the known
results, the trinomials defined from Niho exponents [26] over Fg2, namely

F@) = 2+ g™ @ O 4 gpp2 @D g gy € Foa, 1)

where s; and sy are two integers, have been intensively studied [8,12,17,19-21,36]. In
fact, the trinomials of the form in (1) belong to a class of polynomials with a more
generalized form 2"h(z“a" ) [31]. In some special cases, permutation polynomials of this
form have been investigated in [4,5,25], and Wan and Lidl characterized them in terms
of the primitive roots [31]. A necessary and sufficient condition for these polynomials to
be permutations is summarized later in [27,37].

Lemma 1. ([27,37]) Let q be a prime power and let r, d be two positive integers, then
xrh(xq%l) permutes Fy if and only if

) ged (1, 554) = 1;

(i) 2"h(z)*@ permutes the d-th roots of unity in F,.

Verifying the second condition in Lemma 1 is generally challenging, so many authors
have chosen the coefficients a; and ag in (1) to be 1 [8,12,19-21,36]. In the case of
(s1,82) = (1,2), Hou determined all the coefficients a; and as for f(x) in (1) to be a
permutation [17]. To the best of our knowledge, this is the first and unique instance that
all possible coeflicients of a permutation trinomial in (1) are completely determined.
The AGW criterion [1,34,35] is a more general criterion that has been used to examine
whether polynomials of certain forms are permutations, e.g., the form as given in (1).
Other methods like the multivariate method, linear fractional polynomials, Hermite’s
criterion and some properties of finite fields are employed to investigate the permutation
behaviors of the polynomials proposed in [8,12,19-21,36].

The purpose of this paper is to find new permutation trinomials f(z) as in (1) over
Fo2m with more general coefficients a; and as, where m is a positive integer. To this end,
we investigate the coefficients a; and as for the case (s1, s2) = (2™, 2). Different from the
methods used in [8,12,19-21,36], we introduce a substitution based on the fact that f(z)
in (1) has all terms with Niho exponents and then we transform the general equation
f(z) = b for any b in Fy2m into quadratic and cubic equations of variable in the unit
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