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A normal basis of Fqn over Fq is a basis of the form 
{α, αq , . . . , αqn−1}. An irreducible polynomial in Fq [x] is called 
an N -polynomial if its roots are linearly independent over Fq. 
Let p be the characteristic of Fq. Pelis et al. showed that 
every monic irreducible polynomial with degree n and nonzero 
trace is an N -polynomial provided that n is either a power 
of p or a prime different from p and q is a primitive root 
modulo n. Chang et al. proved that the converse is also true. 
By comparing the number of N -polynomials with that of 
irreducible polynomials with nonzero traces, we present an 
alternative treatment to this problem and show that all the 
results mentioned above can be easily deduced from our main 
theorem.

© 2017 Elsevier Inc. All rights reserved.

1. Introduction

Let p be a prime number, n ≥ 2 be an integer. Let Fq denote the finite field of q
elements with characteristic p, and Fqn be its extension of degree n. A normal basis of 
Fqn over Fq is a basis of the form {α, αq, . . . , αqn−1}, i.e., a basis consisting of all the 
algebraic conjugates of a fixed element. We say that α generates a normal basis, or α is a 
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normal element of Fqn over Fq. In either case we are referring to the fact that the elements 
α, αq, . . . , αqn−1 are linearly independent over Fq. In 1850, Eisenstein [3] first conjectured 
the existence of normal bases for finite fields, and its proof was given by Schönemann [13]
later in 1850 for the case Fp and then by Hensel [6] in 1888 for arbitrary finite fields. 
Normal bases over finite fields have proved very useful for fast arithmetic computations 
with potential applications to coding theory and to cryptography, see, e.g., [4,7,8].

An irreducible polynomial in Fq[x] is called an N -polynomial if its roots are lin-
early independent over Fq. The minimal polynomial of any element in a normal basis 
α, αq, . . . , αqn−1 is m(x) =

∏n−1
i=0 (x − αqi) ∈ Fq[x], which is irreducible over Fq. The ele-

ments in a normal basis are exactly the roots of an N -polynomial. Hence an N -polynomial 
is just another way of describing a normal basis. In general, it is not easy to check whether 
an irreducible polynomial is an N -polynomial. However in certain cases, the thing may 
be very simple according to Theorems 1.1 and 1.2 below.

Theorem 1.1. (Pelis [11]) Let n = pe with e � 1. Then an irreducible polynomial f(x) =
xn + a1x

n−1 + · · · + an ∈ Fq[x] is an N -polynomial if and only if a1 �= 0.

Theorem 1.2. (Pei, Wang and Omura [10]) Let n be a prime different from p and q be a 
primitive root modulo n. Then an irreducible polynomial f(x) = xn+a1x

n−1 + · · ·+an ∈
Fq[x] is an N -polynomial if and only if a1 �= 0.

In 2001, Chang, Truong and Reed [2] furthermore proved that the conditions in The-
orems 1.1 and 1.2 are also necessary.

Theorem 1.3. If every irreducible polynomial f(x) = xn + a1x
n−1 + · · ·+ an ∈ Fq[x] with 

a1 �= 0 is an N -polynomial, then n is either a power of p or a prime different from p and 
q is a primitive root modulo n.

By comparing the number of N -polynomials with that of irreducible polynomials 
over Fq, we will present an alternative treatment to this problem. Throughout the rest 
of the paper, write n = mpe with p � m. It will be seen that Theorems 1.1, 1.2 and 1.3
are all the direct consequences of the following theorem.

Theorem 1.4. (Main Theorem) The following inequality holds

qn−m
∏
d|m

(qτ(d) − 1)φ(d)/τ(d) � q − 1
q

∑
d|m

μ(d)qn/d, (1)

where τ(d) is the order of q modulo d, φ(d) is the Euler totient function, and μ(d) is the 
Möbius function. Furthermore, (1) becomes an equality if and only if n = pe, or n is a 
prime different from p and q is a primitive root modulo n.
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