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1. Introduction

For a prime power g, let F, denote the finite field of ¢ elements and F denote its
multiplicative group. A polynomial f(z) over Fy is called a permutation polynomial if
the induced mapping f: ¢ — f(c) from F, to itself is a bijection. The study of permu-
tation polynomials has a long history and dates back to Hermite [6] and Dickson [2].
Permutation polynomials have important applications in a wide range of areas such as
coding theory, combinatorial designs and cryptography. In the last two decades, there is
a wealth of results on permutation polynomials over finite fields, and most recent results
are included in a survey by Hou [7].

Permutation polynomials with fewer terms attract researchers’ attention due to their
simple algebra representation and close connection with coding theory, combinatorial
designs and cryptography. Recently, some permutation binomials and trinomials were
found [3,4,8-11,13,14,19]. The permutation polynomials with the form x’"f(x%) over
the finite field F,; were investigated in [18], where the positive integers r, ¢ and d satisfy
d| (g—1). By choosing certain values of parameters r, ¢ and d, some explicit permutation
binomials and trinomials can be constructed. Very recently, Hou determined all permu-
tation trinomials az + ba? + 22771 € F2[z] of Fp2 [10]. Gupta and Sharma constructed
four classes of permutation trinomials of the form x” f (xzm_l) over Fo2m and proposed
two conjectures [5|, which were confirmed in [19] and six classes of new permutation
trinomials were also found therein.

The main purpose of this paper is to construct new permutation quadrinomials of the
form 2" f (22" ~1) over Foam for a positive odd integer m. The technique is to transform
the permutation problem to determine the number of solutions in the wunit circle of
certain equations, which can be reduced to a cubic equation over finite fields and it is
the key to succeed.

The remainder of this paper is organized as follows. In Section 2, some basic concepts
and related results are introduced. In Section 3, a family of permutation polynomials is
presented.

2. Preliminaries

For two positive integers m and n with m|n, we use Tr) (-) to denote the trace
function from Faon to Fom, i.e.,

92m o(n/m—1)m

T (z) =2 +2% +=x tx

A criterion for permutation polynomials can be given by using additive characters of
the underlying finite field [12].
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