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The aim of this paper is to extend the characterization of 
Teter rings of [9] to Artin rings of Gorenstein colength two 
and to improve and complete the result [1, Theorem 5.5] on 
such rings by using Macaulay’s inverse system. We provide 
several explicit examples and families of Gorenstein colength 
two rings taking into account their analytic type.
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1. Introduction

In this paper we deal with Artinian local k-algebras where k is an arbitrary field. 
Hence, if A is such an algebra then we may assume that A is a quotient of the ring of 
formal power series R = k�x1, . . . xn� for some integer n. We assume that n ≥ 1 and we 
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denote by m = (x1, . . . , xn) the maximal ideal of R and by n = m/I the maximal ideal 
of A = R/I.

Recall that the length of the canonical module ωA agrees with the length of A. Hence 
the ring is Gorenstein if and only if there is an isomorphism of A-modules ϕ : ωA −→ A

or, equivalently, an epimorphism ϕ : ωA −→ A. Teter characterized Artin local rings 
A = R/I of the form G/ soc(G), where G is a Gorenstein ring and soc(G) is its socle, 
[17]. From now on we will call such rings Teter rings, [16]. Huneke and Vraciu improved 
this result by proving that A is Teter if and only if there is an epimorphism ϕ : ωA −→ n, 
under some suitable hypothesis; see also [3]. In [9] we improved these results by using 
Macaulay’s inverse system device, see Theorem 4.4.

The Gorenstein colength gcl(A) of an Artin ring A is defined as the minimum �(G) −
�(A) where G is an Artin Gorenstein ring such that A � G/H for some ideal H ⊂ G, 
see Definition 3.3. Notice that A is Gorenstein if and only if gcl(A) = 0. Moreover, if A
is not Gorenstein, then it is Teter if and only if gcl(A) = 1.

In the main result of this paper, Theorem 4.6, we extend and improve the charac-
terization of Artin rings A = R/I of Gorenstein colength two of [1, Theorem 5.5] in 
terms of its Macaulay’s inverse system I⊥. In particular, we prove that I⊥ is generated 
by x1 ◦ F, . . . , xn−1 ◦ F, x2

n ◦ F for a suitable polynomial F up to an analytic isomor-
phism of R. One of the main problems in this area is the computation of the Gorenstein 
colength, see [2]. Theorem 4.6 enables us to construct explicit examples and families of 
Gorenstein colength two rings.

In section two we recall some basic results on Macaulay’s inverse systems. Section 
three is devoted to the study of Artin rings of low Gorenstein colength, i.e. of Goren-
stein colength at most two; the main result of this section is Proposition 3.9. We end 
the section by providing examples that answer several natural questions on Gorenstein 
covers. In section four we prove the main result of this paper where we characterize 
Artin rings of Gorenstein colength two and we describe its Macaulay’s inverse systems, 
Theorem 4.6. We finish the paper by giving several explicit examples and families of 
Gorenstein colength two rings.

We perform the computations of this paper by using the Singular library [6], [5]. See 
[1], [2] and [9], for more results on Teter rings, Gorenstein colength and related problems.

2. Preliminaries

Let A = R/I be an Artin ring with maximal ideal n = m/I. We denote by EA(k) the 
injective hull of the residue field k.

The Hilbert function of A is the numerical function HFA : N −→ N defined by 
HFA(i) = dimk(ni/ni+1), i ≥ 0. The embedding dimension of A is embd(A) = HFA(1). 
The socle degree of A, denoted by socdeg(A), is the last integer s such that HFA(s) �= 0. 
The socle of A is the k-vector subspace soc(A) = (0 :A n) of A, and the Cohen–Macaulay 
type of A is τ(A) = dimk(soc(A)). Recall that A is Gorenstein if and only if τ(A) = 1. 
We denote by �(M) the length of an A-module M .
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