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The principal indecomposable modules of the double cover 
2.An of the alternating group over a field of characteristic 2
are enumerated using the partitions of n into distinct parts. 
We determine which of these modules afford a non-degenerate 
2.An-invariant quadratic form. Our criterion depends on 
the alternating sum and the number of odd parts of the 
corresponding partition.
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1. Introduction

Recall that an element of a finite group G is said to be 2-regular if it has odd order 
and real if it is conjugate to its inverse. Moreover a real element is strongly real if it is 
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inverted by an involution and otherwise it is said to be weakly real. If k is a field, then 
a kG-module is said to have quadratic type if it affords a non-degenerate G-invariant 
k-valued quadratic form. The following is a recent result of R. Gow and the author [3]:

Proposition 1. Suppose that k is an algebraically closed field of characteristic 2. Then 
for any finite group G, the number of isomorphism classes of quadratic type principal 
indecomposable kG-modules is equal to the number of strongly real 2-regular conjugacy 
classes of G.

Our focus here is on the double cover 2.An of the alternating group An. All real 
2-regular elements of An are strongly real. So every self-dual principal indecompos-
able kAn-module has quadratic type. On the other hand, 2.An may have real 2-regular 
elements which are not strongly real. In this note we determine which principal inde-
composable k(2.An)-modules have quadratic type.

Let Sn be the symmetric group of degree n and let D(n) be the set of partitions of n
which have distinct parts. In [6, 11.5] G. James constructed an irreducible kSn-module 
Dμ for each partition μ ∈ D(n). Moreover, he showed that the Dμ are pairwise non-
isomorphic, and every irreducible kSn-modules is isomorphic to some Dμ.

As An has index 2 in Sn, Clifford theory shows that the restriction Dμ↓An
is either 

irreducible or splits into a direct sum of two non-isomorphic irreducible kAn-modules. 
Moreover, every irreducible kAn-module is a direct summand of some Dμ↓An

.
D. Benson determined [1] which Dμ↓An

are reducible and we recently determined 
[8] when the irreducible direct summands of Dμ↓An

are self-dual (see below for de-
tails). Throughout this paper we use Dμ

A to denote an irreducible direct summand 
of Dμ↓An

.
As the centre of 2.An acts trivially on any irreducible module, Dμ

A can be considered 
as an irreducible k(2.An)-module, and all irreducible k(2.An)-modules arise in this way.

The alternating sum of a partition μ is |μ|a :=
∑

(−1)j+1μj . We use �o(μ) to denote 
the number of odd parts in μ. So |μ|a ≡ �o(μ) (mod 2) and |μ|a ≥ �o(μ), if μ has distinct 
parts. Our result is:

Theorem 2. Let μ be a partition of n into distinct parts and let Pμ be the projective 
cover of the simple k(2.An)-module Dμ

A. Then Pμ has quadratic type if and only if

n− |μ|a
2 ≤ 4m ≤ n− �o(μ)

2 , for some integer m.

Note that Pμ is a principal indecomposable k(2.An)-module, but is not a kAn-module.
Throughout the paper all our modules are left modules.



Download English Version:

https://daneshyari.com/en/article/8895755

Download Persian Version:

https://daneshyari.com/article/8895755

Daneshyari.com

https://daneshyari.com/en/article/8895755
https://daneshyari.com/article/8895755
https://daneshyari.com

