
JID:YJABR AID:16721 /FLA [m1L; v1.238; Prn:20/06/2018; 16:13] P.1 (1-9)
Journal of Algebra ••• (••••) •••–•••

Contents lists available at ScienceDirect

Journal of Algebra

www.elsevier.com/locate/jalgebra

Simple subquotients of big parabolically induced 

representations of p-adic groups

Jean-François Dat a,b,∗,1

a Sorbonne Université, Institut de Mathématiques de Jussieu-PRG, 4 place Jussieu, 
75005 Paris, France
b Ecole Normale Supérieure, Département de Mathématiques et applications, 
45 rue d’Ulm, 75005 Paris, France

a r t i c l e i n f o a b s t r a c t

Article history:
Received 7 February 2017
Available online xxxx
Communicated by M. Broué

Keywords:
Representation theory
p-adic groups
Modular representations
Parabolic induction
Supercuspidal representations

This note is motivated by the problem of “uniqueness of su-
percuspidal support” in the modular representation theory of 
p-adic groups. We show that any counterexample to the same 
property for a finite reductive group lifts to a counterexample 
for the corresponding unramified p-adic group. To this end, 
we need to prove the following natural property: any simple 
subquotient of a parabolically induced representation is iso-
morphic to a subquotient of the parabolic induction of some 
simple subquotient of the original representation. The point 
is that we put no finiteness assumption on the original repre-
sentation.
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1. Main results

Let G be a connected reductive group over a p-adic field F and put G = G(F ). Let 
R be a Noetherian ring where p is invertible. We denote by RepR(G) the category of 
all smooth RG-modules. If P = P(F ) is a parabolic subgroup of G with Levi quotient 
M = M(F ), we denote by iP : RepR(M) −→ RepR(G) the parabolic induction functor 
and by rP : RepR(G) −→ RepR(M) its left adjoint, the Jacquet functor. Recall that a 
smooth RG-module is called cuspidal if it is killed by all proper Jacquet functors. We 
will prove the following result.

Theorem 1.1. Let V be any smooth RM -module and let π be a simple and admissible 
RG-subquotient of iP (V ). Assume that one of the following holds.

(1) V has level 0, or
(2) Bernstein’s second adjunction holds for (G, R).

Then there is a simple smooth RM -module σ such that π is isomorphic to a subquotient 
of iP (σ). Moreover, if V is cuspidal, σ can be chosen to be a subquotient of V .

Of course the result is well-known if V has finite length, and the point is that we 
don’t require any finiteness property on V here. We haven’t been able to find a general 
argument that would work for any functor between abelian categories with suitable 
assumptions (such as commuting with all limits and colimits). Instead, our argument 
turns out to be quite intricate, so that we thought it might be interesting to advertise 
the result and its proof.

Let us explain the hypothesis.

(1) “V has level 0” means that V =
∑

x V
G+

x where x runs over vertices of the semisim-
ple Bruhat–Tits building of G and G+

x is the pro-radical of the associated parahoric 
group. The objects of level 0 form a direct summand subcategory Rep0

R(G) of 
RepR(G), and we have iP (Rep0

R(M)) ⊂ Rep0
R(G) and rP (Rep0

R(G)) ⊂ Rep0
R(M), 

see [2, Prop. 6.3 ii)].
(2) By the sentence “Bernstein’s second adjunction holds for (G, R)”, we mean that 

for any pair (Q, Q) of opposed parabolic subgroups of any Levi subgroup M of 
G, the functor δQ.rQ is right adjoint to the functor iQ. Here δQ is the modulus 
character of Q. By [2, Thm. 1.5] this property holds at least when G is a classical or 
linear group. Moreover, by [2, Prop. 6.3], this property also holds if we restrict these 
functors to the level 0 categories, without any hypothesis on G.

Let us now explain the typical application of this result that we have in mind. Suppose 
further that G extends to a connected reductive group over the integers OF and that 
P extends to a parabolic subgroup over OF (in other words, fix an hyperspecial point 
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