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Introduction

Let K be a field and S be a standard graded K-algebra. A central question in liaison
theory asks whether every Cohen—Macaulay, graded ideal of S belongs to the same G-
liaison class of a complete intersection. The question has been answered in the affirmative
in several cases of interest, including for ideals of height two [5], Gorenstein ideals [21],
[1], special families of monomial ideals [15], [13], [17], generically Gorenstein ideals con-
taining a linear form [16], and several families of ideals with a determinantal or pfaffian
structure [12], [6], [7], [8], [4], [9]. The argument is often inductive, meaning that an ideal

* The authors were partially supported by the Swiss National Science Foundation through grants no.
PP0O0P2_123393 and 200021_150207.
* Corresponding author.

E-mail addresses: constant@dima.unige.it (A. Constantinescu), elisa.gorla@unine.ch (E. Gorla).

https://doi.org/10.1016/j.jalgebra.2017.12.024
0021-8693/© 2018 Elsevier Inc. All rights reserved.


https://doi.org/10.1016/j.jalgebra.2017.12.024
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jalgebra
mailto:constant@dima.unige.it
mailto:elisa.gorla@unine.ch
https://doi.org/10.1016/j.jalgebra.2017.12.024
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jalgebra.2017.12.024&domain=pdf

250 A. Constantinescu, E. Gorla / Journal of Algebra 502 (2018) 249-261

of the family is linked to another one with smaller invariants, and the ideals with the
smallest invariants are complete intersections. For example, let m < n and consider an
ideal of height n —m+ 1 generated by the maximal minors of an m x n matrix. Any such
ideal is G-linked in two steps to an ideal of the same height, generated by the maximal
minors of an (m — 1) x (n — 1) matrix, and the ideals of height n — m + 1 generated
by the entries of a 1 X (n —m + 1) matrix are complete intersections. In this paper, we
apply a similar approach to a family of ideals associated to graphs.

There are several ways of associating a binomial ideal to a graph [20,18]. Here we
consider the ideal P(G) defining the edge subring K[G] of G, that is the K-algebra whose
generators correspond to the edges of the graph, and whose relations correspond to the
even closed walks. For a survey on the importance of these rings we refer to [20, Chapters
10 and 11]. These binomial ideals are prime and Cohen—Macaulay, for all bipartite graphs.
We prove that they belong to the G-biliaison class of a complete intersection. This
implies in particular that they can be G-linked to a complete intersection in an even
number of steps. An interesting feature of the liaison steps that we produce is that the
same steps link the corresponding initial ideals, with respect to an appropriate order. In
particular, the initial ideals are Cohen-Macaulay. Understanding the G-liaison pattern
of the initial ideals allows us also to show that the associated simplicial complexes are
vertex decomposable. For the determinantal and pfaffian ideals discussed above, the
same behavior in terms of linkage of initial ideals and vertex decomposability was shown
in [10].

1. Notation and preliminaries

For a positive integer n, we denote by [n] the set {1,...,n}. Let G be a graph with
vertex set V(G) = [n] and edge set E(G) C 2. We denote by gg (or just g, if no
confusion arises) the number of edges of G. The local degree p(v) of v is the number of
edges incident to v. A leaf is a vertex of local degree 1. A graph is bipartite if its vertex
set V(G) = V1 U V4 is a disjoint union of two sets, such that every edge joins a vertex
from V; with a vertex from Va. It is well known that a graph is bipartite if and only if
it does not contain odd cycles.

Definition 1.1. A walk of length m in G is an alternating sequence of vertices and edges

W = {V0,€1, V15 Vm—1,Em, Um },

where e, = {vg_1,v} for all k = 1,...,m. A walk may also be written as a sequence
of vertices with the edges omitted, or vice-versa. If vg = v,,, then w is a closed walk.
A walk is called even (respectively odd) if its length is even (respectively odd). A walk is
called a path if its vertices are distinct. A cycle in G is a closed walk {vg,e1,v1,...,0m}
in which the vertices vy, ..., v, are distinct. Denote by C(G) the set of even cycles of G.
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