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1. Introduction

We are interested in studying the representation theory of cluster-tilted algebras which
are finite dimensional associative algebras that were introduced by Buan, Marsh, and
Reiten in [8] and, independently, by Caldero, Chapoton, and Schiffler in [11] for type A.

One motivation for introducing these algebras came from Fomin and Zelevinsky’s clus-
ter algebras [13]. Cluster-tilted algebras are the endomorphism algebras of the so-called
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tilting objects in the cluster category of [7]. Many people have studied cluster-tilted
algebras in this context, see for example [8-10,12,16].

The second motivation came from classical tilting theory, see [14]. Tilted algebras
are the endomorphism algebras of tilting modules over hereditary algebras, whereas
cluster-tilted algebras are the endomorphism algebras of cluster-tilting objects over clus-
ter categories of hereditary algebras. This similarity in the two definitions lead to the
following precise relation between tilted and cluster-tilted algebras, which was established
in [2].

There is a surjective map

{tilted algebras} — {cluster-tilted algebras}
Cr— B=CxUE

where E denotes the C-C-bimodule E = ExtZ (DC, C) and C'x E is the trivial extension.

This result allows one to define cluster-tilted algebras without using the cluster cate-
gory. It is natural to ask how the module categories of C' and B are related. In this work,
we investigate how various properties of a C-module are affected when the same module
is viewed as a B-module via the standard embedding. We let M be a right C-module
and define a right B = C' x E action on M by

MxB—M , (m,(ce))— mec

Our first main result is on the projective dimension of a C-module when viewed as a
B-module. Here, Tc_l and Qal denote respectively the inverse Auslander—Reiten trans-
lation and first cosyzygy of a C-module. We note that, because C is tilted, the possible
projective dimensions of a module M¢ are 0, 1, and 2, and because B is 1-Gorenstein,
the possible projective dimensions of a module Mg are 0, 1, and oo.

Theorem 1.1. Let C be a tilted algebra, E = EthC(DC, C), and B = C x E the corre-
sponding cluster-tilted algebra. Let M be an indecomposable C-module.

(a) If pdg M =0, then pdg M =0 if and only if ide M < 1. Otherwise, pdg M = co.

(b) If pde M =2, then pdg M = co.

(¢) Let pde M = 1 with minimal projective resolution 0 — Py — Py — M — 0. Then
pdg M = 1 if and only if ide M < 1 and TngalPo = TngalPl. Otherwise,
pdp M = .

Our second main result is on C-modules that satisfy Exty (M, M) = 0. These are
known as rigid modules. Here, our result holds when C' is a triangular algebra of global
dimension equal to 2, and not necessarily tilted. We determine two sufficient conditions
to guarantee when a rigid C-module remains rigid when viewed as a B-module, i.e.,
Exty (M, M) = 0. Here, 7 and Q¢ denote respectively the Auslander—Reiten translation
and first syzygy of a C-module.
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