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Let A and B be finite dimensional simple real algebras with 
division gradings by an abelian group G. In this paper we give 
necessary and sufficient conditions for the coincidence of the 
graded identities of A and B. We also prove that every finite 
dimensional simple real algebra with a G-grading satisfies the 
same graded identities as a matrix algebra over an algebra D
with a division grading that is either a regular grading or a 
non-regular Pauli grading. Moreover we determine when the 
graded identities of two such algebras coincide. For graded 
simple algebras over an algebraically closed field it is known 
that two algebras satisfy the same graded identities if and 
only if they are isomorphic as graded algebras.
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1. Introduction

Two finite dimensional simple algebras over an algebraically closed field are isomorphic 
if and only if they satisfy the same polynomial identities. This is a direct consequence 
of Amitsur–Levitzki theorem. Analogous results have been proved for Lie algebras by 
A. Kushkulei and Yu. Razmyslov [10], for Jordan algebras by V. Drensky and M. Racine 
[8] and by E. Neher [11] and for more general non-associative algebras by I. Shestakov 
and M. Zaicev [15]. The analogous result for graded algebras was proved by P. Koshlukov 
and M. Zaicev [12] in the case of algebras graded by abelian groups and by E. Aljadeff 
and D. Haile [2] for arbitrary groups.

If the field is not algebraically closed, there exits non-isomorphic algebras that satisfy 
the same identities. For example, the real quaternion algebra and the algebra of 2 ×2 ma-
trices satisfy the same polynomial identities. The goal of this paper is to precisely deter-
mine, when two finite-dimensional simple algebras over the field of real numbers graded 
by G, satisfy the same G-graded identities, provided that G is a finite abelian group.

For algebras over an algebraically closed field, the division gradings are regular (see 
Definition 1) and can be described in terms of a non-singular skew-symmetric bicharacter 
on the grading group (see [9, Theorem 2.38]). As it turns out, the graded polynomial 
identities for regular gradings are also determined by the corresponding bicharacter. 
Over the field of real numbers the situation is different. The division gradings for finite 
dimensional simple algebras over R have been classified in [4] and [14]. In this classifica-
tion, distinct regular gradings arise that have the same associated bicharacter and thus 
non-isomorphic algebras may have the same graded identities. Each division grading is 
obtained either by restriction of scalars in a complex algebra or as a tensor product of a 
non-regular and a regular component. In our main result, Theorem 2, we prove, roughly 
speaking, that the polynomial identities in each case are determined by the bicharacter of 
the regular component. In the last section we obtain similar results for finite dimensional 
simple real algebras. We prove in Theorem 3 that every finite dimensional simple real 
algebra with a G-grading satisfies the same graded identities as a matrix algebra over 
an algebra D with a division grading that is either a regular grading or a Pauli grading. 
Then, in Theorem 4 we give necessary and sufficient conditions under which the graded 
identities of two such algebras coincide.

2. Preliminaries

We consider vector spaces, algebras, tensor products, etc., over the field R of the real 
numbers. Let G be a group with identity element e and A an algebra. A vector space 
decomposition A = ⊕g∈GAg is said to be a G-grading if AgAh ⊆ Agh for every g, h ∈ G. 
The support of the grading, denoted by supp A, is the set supp A = {g ∈ G|Ag �= 0}. 
If A = Ae we say that the grading is trivial. An ideal I of A is called homogeneous if 
I = ⊕g∈G(I ∩ Ag) and A is graded simple if 0 and A are the only homogeneous ideals 
of A.
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