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We study the interplay between Steinberg algebras and 
skew rings: For a partial action of a group in a Hausdorff, 
locally compact, totally disconnected topological space, we 
realize the associated partial skew group ring as a Steinberg 
algebra (over the transformation groupoid attached to the 
partial action). We then apply this realization to characterize 
diagonal preserving isomorphisms of partial skew group rings, 
over commutative algebras, in terms of continuous orbit 
equivalence of the associated partial actions. Finally, we show 
that any Steinberg algebra, associated to a Hausdorff ample 
groupoid, can be seen as a partial skew inverse semigroup 
ring.
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1. Introduction

The notion of crossed product by a partial action has its origin in the operator algebra 
context, more precisely with the work of Exel (see [12]), on crossed products by a partial 
automorphism. Over the years the theory of partial actions has proved to be an important 
tool in the study of C*-algebras, and in particular of C*-algebras associated to dynamical 
systems and combinatorial objects, see for example [13–16,24,25] for a small glimpse of 
the theory developed.

In 2005, Dokuchaev and Exel (see [10]) started the study of partial skew group rings 
(an “algebraisation” of the operator theory concept of partial crossed products). Follow-
ing the steps of the operator theory counter-part, partial skew rings are becoming an 
important tool in the study of algebras, in particular algebras associated with combina-
torial objects. For example, Leavitt path algebras were realized as partial skew group 
rings in [22], and simplicity and chain conditions for partial skew group rings were stud-
ied in [21,23] and [28], respectively. Very recently, see [11], Dokuchaev and Exel studied 
the ideal structure of the partial skew group ring Lc(X) �α G, where G is a discrete 
group, X is a locally compact, totally disconnected space X, and Lc(X) is the algebra 
consisting of all locally constant, compactly supported functions on X taking values in 
a given field K.

Steinberg algebras were independently introduced by Steinberg in [32] and by Clark 
et al. in [6]. They are the “algebraisation” of Renault’s C*-algebras of groupoids. Even 
more than partial skew group rings, the development of the theory of Steinberg alge-
bras has attracted a lot of attention lately. In particular, Steinberg algebras include the 
Kumjian–Pask algebras of higher-rank graphs introduced in [2] (which in turn include 
Leavitt path algebras). See [7], [8] and [33] for a few examples of the development of the 
theory.

It is our goal in this paper to link the theory of partial skew rings with the theory of 
Steinberg algebras, in the same way that the theory of partial crossed products is linked to 
Renault’s theory of groupoid C*-algebras. In particular we provide an “algebraisation” of 
the result of Abadie, see [1], that shows that any partial crossed product, associated to a 
partial action on a topological space, can be seen as a groupoid C*-algebra. The algebraic 
version of this theorem permits us to join results of Li (see [27]), about continuous
orbit equivalence of partial actions on topological spaces, and results of Carlsen and 
Rout (see [5]), about diagonal-preserving isomorphism between Steinberg algebras, to 
present results regarding diagonal preserving isomorphisms of partial skew group ring 
over commutative algebras.

To complete the interplay between Steinberg algebras and skew rings, we show an 
“algebraisation” of [29, Theorem 3.3.1] and [30, Theorem 8.1]: Any Steinberg algebra 
(associated to a Hausdorff ample groupoid) can be seen as a partial skew inverse semi-
group ring (partial skew inverse semigroup rings generalize partial skew group rings and 
were defined by Exel and Vieira in [20], based on work by Nándor Sieben, see [31]). It 
is interesting to point out that the definition of a partial skew inverse semigroup ring 
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