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For analytic operator functions, we prove accumulation of 
branches of complex eigenvalues to the essential spectrum. 
Moreover, we show minimality and completeness of the 
corresponding system of eigenvectors and associated vectors. 
These results are used to prove sufficient conditions for 
eigenvalue accumulation to the poles and to infinity of rational 
operator functions. Finally, an application of electromagnetic 
field theory is given.
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1. Introduction

In recent years quantitative information on the discrete spectrum of non-selfadjoint 
operators has gained considerable interest [1,23,13,16,14]. In particularly, Pavlov’s in-
fluential papers on accumulation of complex eigenvalues to the essential spectrum of 
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Schrödinger operators with non-selfadjoint Robin boundary conditions [25–27] have been 
extended to magnetic Schrödinger operators [29] and to Schrödinger operators with 
a complex potential [3]. Importantly, the potential will in some cases also depend on 
time [28] and differential operators with time dependent coefficients are common in e.g. 
electromagnetics [4] and viscoelasticity [30]. In these cases, theory for operator functions 
with a non-linear dependence of the spectral parameter is used to determine the spectral 
properties. Krein & Langer [18] proved for selfadjoint quadratic operator polynomials 
λ ́ A ́ λ2B with real numerical range, sufficient conditions for eigenvalue accumulation 
in terms of the numerical range of A and the numerical range of B. More recently, selfad-
joint operator functions with real eigenvalues have been studied extensively [20,6,21,22,
10]. Still, there have been very few results on accumulation of complex eigenvalues of op-
erator functions with the notable exception [2] that proved accumulation of eigenvalues 
for a quadratic operator polynomial from elasticity theory.

In this paper, we study polynomial and rational operator functions. These types of 
functions share spectral properties with a linear non-selfadjoint operator called the lin-
earized operator. However, since in non-trivial cases the linearized operator is not a 
relatively compact perturbation of a selfadjoint operator, the known results for non-
selfadjoint operators can not be used to prove accumulation of eigenvalues. Therefore, 
we will explore factorization results for holomorphic operator functions [24, Chapter III]. 
We extend theory based on those factorization results with the aim to provide suffi-
cient conditions for eigenvalue accumulation of a class of unbounded rational operator 
functions. A major difficulty is that in theory based on the factorization of operator poly-
nomials one must know specific properties of the numerical range to prove accumulation 
of eigenvalues. The main contribution of [2] is that they for the particular quadratic op-
erator polynomial prove the existence of a bounded part of the numerical range that is 
separated from rest of the numerical range. In [11], we proposed a new type of enclosure 
of the numerical range that can be used to determine the number of components of the 
numerical range. Importantly, it is much easier to determine the number of components 
of this enclosure than to directly determine the number of components of the numerical 
range. Therefore, the new enclosure of the numerical range is used to prove accumulation 
of eigenvalues, and to prove completeness of the corresponding system of eigenvectors 
and associated vectors.

The paper is organized as follows. In Section 2, we present the basic notation and 
definitions used in the paper.

In Section 3, we consider for a class of bounded analytic operator functions mini-
mality and completeness of the set of eigenvectors and associated vectors corresponding 
to a branch of eigenvalues. In particular, we generalize [24, Theorem 22.13] to cases 
with a spectral divisor of order larger than one. Our main results are Theorem 3.9 and 
Theorem 3.10.

In Section 4, we study rational operator functions whose values are Fredholm op-
erators. The main results are Theorem 4.6 and Theorem 4.8, which utilize the results 
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